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1. Introduction 

1.1. Context. By suitably combining analysis and algebraic topology, Michael F. Atiyah and 
Isodore M. Singer proved their celebrated index theorem for elliptic operators on closed manifolds 
[2J. In this paper we shall extend the Atiyah-Singer formula to a naturally arising class of 
hypoelliptic (but not elliptic) operators on contact manifolds. The novelty of this paper is that it 
combines Van Erp's earlier partial results with the Baum-Douglas isomorphism of analytic and 
geometric i^-homology. We find an explicit topological expression for the element in iC-homology 
that corresponds to a hypoelliptic Fredholm operator. 

The result is of interest in two directions: (1) it clarifies the index problem itself, resolving 
some heretofore confusing issues, and (2) it provides interesting new examples of -ff-cycles that 
exhibit phenomena not encountered in elliptic theory. The index theorem for elliptic operators 
has seen numerous generalizations in the context of analytic i^-homology and Xi^-theory, and 
the theory of hypoelliptic operators can be explored in all of these directions. The identification 
of the X-cycle corresponding to a hypoelliptic operator (and the resulting formula for the Chern 
character of the operator) is a key step in this program. For example, it should be possible to 
derive equivariant and families index formulas for hypoelliptic operators now that we have an 
expression for the i^-cycle. This was not within reach earlier. 

A significant advance of index theory from elliptic to hypoelliptic operators was achieved by 



Alain Connes and Henri Moscovici. In 14 Connes and Moscovici derived an abstract index 
formula for the Chern character (in cyclic cohomology) of the i^-homology element determined 
by a generalized Fredholm operator (a so-called 'regular spectral triple'). They applied their 
abstract formula to derive an explicit expression for the Chern character of the transverse fun- 
damental class of a foliated manifold [iS] . The Fredholm operator in this spectral triple was not 



an elliptic but a hypoelliptic operator. Hypoelliptic operators were introduced in this context 



by Michel Hilsum and Georges Skandalis 19 , and Connes- Moscivici simplified the construction 
by working within the Heisenberg calculus of uO\. Building on the Connes-Moscivici results, 
Raphael Ponge proved that the abstract local index formula in cyclic cohomology also applied 
to hypoelliptic operators in the Heisenberg calculus on contact manifolds [22] . Ponge posed (but 
did not solve) the problem of converting this abstract result into an explicit formula in terms of 
characteristic classes on the contact manifold. Around the same time, in a context not related to 
noncommutative geometry, Charles Epstein and Richard Melrose independently investigated a 
similar index problem for hypoelliptic operators in the Heisenberg calculus on contact manifolds 



20 . Their results were reported in p^. 

In [241^251 Van Erp presented an alternative approach to index theory of hypoelliptic operators 
by adapting the tangent groupoid methods of Connes [16, II. 5] to the Heisenberg calculus. 



The main innovation in 24 was the construction of a i^-theory element in K (T*X) for an 
invertible symbol in the Heisenberg calculus. The symbolic calculus of the Heisenberg algebra 
is noncommutative, and the principal symbol naturally defines an element in the i^-theory of 
a suitable C*-algebra related to the calculus. This X-theory group is (via the Connes-Thom 
isomorphism) naturally isomorphic to K^(T*X). Building on this idea, an explicit index formula 
for scalar (pseudo) differential operators on contact manifolds was derived in [25] , and the same 
general method was applied to derive an index formula for hypoelliptic operators on foliated 
manifolds in 1271. 



A curious feature of the index formula in 25 is that it does not apply to operators that act 



on sections of a vector bundle. The method of proof relies on a trick that does not apply in the 
presence of vector bundles. If P is a hypoelliptic scalar differential operator on a closed contact 
manifold X then the formula of |25| computes the Fredholm index of P. But if we simply insert 
the Chern character ch(F) of a complex vector bundle F ^ X in this formula we do not obtain 
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a correct expression for the index of the twisted operator P ® Ip acting on sections in F. Put 
differently, the results in |25j do not give a correct expression for the Chern character of the 



element in X-homology determined by P. For the same reason, the results of [24 25 do not 
indicate how to solve the related equivariant anf families index problems. In this sense the result 
of [25| was partial. 

In the current paper we present what we regard as a definitive solution to this index problem 
on contact manifolds by computing the ii'-homology class represented by a hypoelliptic Fredholm 
operator. More precisely, we construct a geometric K-cyc\e that is equivalent to the analytic 
K-cyc\e obtained directly from the operator. From our point of view this fully settles the index 
problem for the Heisenberg calculus on contact manifolds, and we believe that the result can be 
generalized to solve the equivariant and families index problems. 

1.2. The problem. For the purpose of this introduction we discuss a well-known class of second 
order hypoelliptic operators. In all that follows X will denote a closed smooth contact manifold 
of dimension 2n + 1. A contact form on X is an M-valued 1-form such that 9{d6)^ is a volume 
form on X. The distribution H c TX of codimension 1 that is the kernel of the 1-form 9 is 
called the contact hyperplane bundle. The Reeb vector field T is the unique vector field on X 
with the properties 

0(r) = l, de{T, •) = 0. 

The Reeb field T is tranversal to the contact hyperplane bundle H. The 2-form dO restricts to 
a nondegenerate skew-symmetric form in the fibers of H. Thus, the fibers of H are symplectic 
vector spaces. We choose a complex structure J for H that is compatible with the symplectic 
form dO in each fiber, i.e., 

J^ = -l, de(Jv,Jw)^de(v,w), de{Jv,v)>0. 

Such a choice of J is always possible, because the space of compatible complex structures on a 
symplectic vector space is contractible. The choice of J also defines a Euclidean structure in the 
fibers of H, with inner product defined by {v,w) - d9{Jv,w). In addition, J and 9 determine a 
hermitian inner product, 

{v,w) - d9{Jv,w) + id9{v,'w). 

A sublaplacian for the given structure {X, 9, J) is a second order differential operator on X 
constructed as follows. Locally, a sublaplacian is of the form 

2n 

i=i 
Here Wi, . . . , W2n is a collection of vector fields, defined in an open subset U '^ X, such that at 
each point x e [/ the vectors Wj{x) form an orthonormal frame for the Euclidean vector space 
Hx- A global sublaplacian on X is then constructed via a partition of unity. 

To obtain an operator with interesting index theory, we add a first order term tranverse to H 
and consider second order differential operators of the form 

P^^Ah + ijT, i = \/-r 

where the coefficient 7 is a smooth complex- valued function on X. Operators of this type have 
been studied extensively. See for example 10, Ch. 1] or [17, Thm. 8.1] for the following result. 



Proposition 1.2.1. The operator P^ is invertible modulo smoothing operators if 

7(3;) i {■■■ ,-n- 4,-n- 2,-n,n,n + 2,n + 4,---} 
for every point x € X . 
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The hypoelliptic operator P^ has essentially the same analytic properties as an elliptic oper- 
ator. In particular, it gives rise to a cycle in analytic iC-homology. The symmetric operator 






D-i : ^^ 



is essentially self-adjoint, has discrete spectrum, and finite dimensional eigenspaces consisting of 



smooth functions 24, section 2.6]. The bounded operator F - D{1 + D^) ^'^ defines a graded 
Predholm module 

[P^]6i^i^°(C(X),C). 

Let us briefly verify this. We use the standard convention that K. denotes the separable C*- 
algebra of compact operators. 

Proposition 1.2.2. The operator F - D{l + D )" ' is a bounded Fredholm operator on L (X)® 
that satisfies the pseudolocality condition [F, Afj] e /C(L^(X)®^) for multiplication operators 

Proof. If -Ry is hypoelliptic then the operator F has order zero in the Heisenberg pseudodiffer- 
ential calculus. Order zero operators in the Heisenberg calculus are bounded on L^(X)®^ while 
operators of negative order are compact (by the Rellich lemma for the Heisenberg calculus). If 
^ H denotes the norm completion of the algebra of order zero Heisenberg operators, then the 
principal Heisenberg symbol an gives rise to a short exact sequence of C*-algebras, 

Without knowing the details of the calculus, it suffices to know that the symbol algebra Sh 
contains C{X) as a central subalgebra. Moreover, for a continuous function / e C{X) the 
multiplication operator Mf on L {X) is contained in '^ h, while its principal symbol is aniMj) - 
f, as usual. It follows that [aHiF),aH{Mf)] = for any order zero operator F, which is 
equivalent to [F, Mj] e /C. 

D 

Our aim is to solve the index problem for hypoelliptic operators in the Heisenberg calculus in 
the terms formulated by Paul Baum and Ron Douglas in [6]. 

Let X be a closed contact manifold. Given a hypoelliptic (pseudo) differential 
operator P in the Heisenberg calculus on X representing a cycle in analytic K- 
homology [P] e KK^{C{X),C), explicitly compute an {M,E,ip) -cycle in geo- 
metric K -homology Kq^{X) with iJ,{M,E,ip) - [P]. 

Geometric K-cycles were introduced in [5|[6] to provide a topological description of K-homology. 
For a topological space X, a geometric if-cycle is a triple {M,E,ip) consisting of a closed Spin^ 
manifold M, a complex vector bundle E -»• M, and a continuous map ip:M ^ X. The collection 
of (M, £?,(/7)-cycles, subject to a certain equivalence relation, forms an abelian group under 
disjoint union. We denote this group by K^{X). 
There is a natural map 

M:i^f^(X)-KK^(C(X),C), i = 0,l 

from geometric i^- homology to analytic i^- homology, defined as follows. Let D]\j®Ie denote the 
Dirac operator Df^f for the Spin'^ manifold M twisted by the vector bundle E. Then /i(M, E, ip) 
is the push-forward by ip of the analytic ET-cycle [Da/ ® Ie\ ^ KK^(C{M),C), 

niAd,E,ip) ^ ^,{Dm » Ie) ^ KK\CiX),C)- 
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For a finite CVF-complex X the map fi is an isomorphism [7]. 

The point of view of |6| is that index theory, in general, is based on the equivalence between 
geometric i^-homology and analytic iT-homology. In (m section 25] Baum and Douglas ask 

Let X he a finite CW -complex. Given ^ e KK^(C{X),C), explicitly compute the 
unique ^ e K°^{X) with /i(w) = v. 

They explain how the solution of several index problems (including, of course, the Atiyah-Singer 
index formula for elliptic operators) can be understood in this framework. Our aim in this paper 
is to show that the index problem for the Heisenberg calculus has a very explicit and natural 
solution when understood in this general context proposed by Baum and Douglas. 
If X is a finite CW complex and ^ is an element in KK {C{X),C), 

i^KK\C{X)X). 

then ^ determines an element X(^) e i7e^(X;Q) with the property: Whenever F is a C vector 
bundle on X, 

Index(F ® = e*(ch(F) nX(0). 

Here Hev{X]<^) is the direct sum of the even rational homology groups of X, 

He,{X;Q)^Ho{X;Q)eH2{X-Q)eHi{X;Q)e- 

and e-X -> • is the map of X to a point and e^-H^(X;Q) -*• H^(»;<Q) = Q is the resulting 
map in rational homology. As usual in algebraic topology ch is the Chern character and n is cap 
product. We shall refer to X(^) as the index class of ^. Equivalently, !{£,) is the homology Chern 
character of ^. To solve the index problem for ^ rationally is to give an explicit formula for X(^). 
To solve the index problem integrally for ^ is to explicitly construct a iC-cycle (M, E, ip) on X 
with 

If such an (M,E,Lp) has been constructed, then 
1(0 = V^*ich{E) u Td(M) n [M]) 

where [M] is the fundamental cycle (in H^{M;Z)) of M and (p^:H^(M;Q) -^ H^(X;Q) is the 
map of rational homology induced hy ip-M ^ X. 

Starting with ^ e KK {C{X),C) the i^-cycle {M,E,ip) which integrally solves the index 
problem for ^ should be constructed so that mutatis mutandis the same -fC-cycle will solve the 
equivariant index problem (when a compact Lie group is acting) and the index problem for 
families. We believe that our iiT-cycle solution for the class of operators considered in this paper 
is sufficiently natural so that it will also solve the equivariant and families problems. 

Now that we have found a geometric if-cycle that solves the problem we finally understand 
the obstacle that prevented us from finding a solution for the vector bundle problem in our earlier 
attempts. As we will see, the geometric X-cycle for hypoelliptic operators in the Heisenberg 
calculus consists of two components that cannot be merged, in a natural way, into a single 



cycle. The K-theoretic methods of [24,25 conditioned us to look for a single expression, but 
the index formula we find here consists of two terms. The Spin*^ manifold M in the X-cycle we 
obtain is familiar in the theory of contact manifolds. It is a compactification of the standard 
symplectic cone N* \ as a submanifold of T*X with its canonical symplectic structure. Here 
jy* cT* X denotes the annihilator of H. N* \ consists of two copies of X x M with opposite 
symplectic structures. The fact that the final index formula for hypoelliptic operators breaks up 
into two separate expressions is easily and naturally accomodated by the formalism of geometric 
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i^-homology. Expressing an equivalent solution in the X-theoretic framework of (241,125] would 
not be impossible, but the resulting expression would be cumbersome and unnatural. 

In summary, ii'-theory alone did not produce a satisfactory answer for this index problem. It 
was necessary to introduce and use iC-homology in order to arrive at a clearly stated solution. 

1.3. Statement of the result. To make all of this more precise we now discuss the details 
of the solution of the index problem for the hypoelliptic operators P^ = Ah + ijT. The main 
result of this paper is the solution of the index problem for general hypoelliptic operators in the 
Heisenberg calculus on contact manifolds. But for the sake of this introduction we restrict our 
discussion to operators of the form 

Pj^Ah + ijT. 

The ingredients of a geometric i^-cycle [{M,E,ip)] - /z"^(Py) are as follows. 

The Spin'^ manifold M. As mentioned above, a contact manifold has two canonical Spin^ 
structures. The tangent bundle splits as TX - H ® N, where N denotes the normal bundle 
A'^ = TX/H. If we choose a global contact 1-form 9, then the normal bundle is trivialized 
A^ = XxM, and it has a Spin'^ structure by virtue of this orientation. The orientation of the normal 
bundle is referred to as the co- orientation of the contact structure H. The contact hyperplane 
bundle H has a Spin'^ structure associated to a complex structure J that is compatible, in each 
fiber, with the symplectic form d9. Any two choices of J (compatible with 9) result in equivalent 
Spin'^ structures on H. Let us denote by H^'^ the contact hyperplane bundle H equipped with 
its complex structure J, so that H^'^ is a complex vector bundle of rank n. The canonical Spin^ 
structure of X for the choice of contact 1-form 9 is, by definition, the product Spin*^ structure 
on the direct sum 



TX ^HeN ^H 



1.0 



Now consider what happens if we reverse the co-orientation of the contact structure. If we replace 
9 by -9 we must also replace the complex structure J with -J, because of the compatibility 
d9(Jv, v) > 0. Thus, the complex structure on H must be conjugated if we reverse the orientation 
of A^ = A xR. The effect on the Spin*^ structure of TX - H®N is the combined effect of these two 
modifications: reversal of orientation of A^, and conjugation of the complex structure of H^'^. 
We denote by X* the manifold X with its canonical Spin'^ structure for the chosen contact form 
9, while X~ denotes X with the Spin'^ structure for the opposite contact form -9. 
The even dimensional Spin*^ manifold M in our (M, E, (p)-cycle is a disjoint union 

M^X^ xS^uX' xS^, 

with one copy of X x S* for each co-orientation of the contact structure. As smooth manifolds 
A^ X S and X~ x S are the same, but these two copies of A x S" have different Spin'^ structures. 
We shall say that these two Spin'^ structures on A x S are conjugates. 

The fiber of the tangent space T(A x S"^) = TA x TS'^ is H^xRxR. We can extend the 
complex structure J from Hx to Hx x M x M by identifying MxM = M®iM = C. The product 
Spin'^ structure on A^ x S^ is then the same as the canonical Spin'^ structure corresponding to 
this complex structure on T(A x 5^). The product Spin'^ structure on A" x S^ is the same as 
the Spin'^ structure associated to the conjugate complex structure on T(A x S^). Therefore one 
way to think of the manifold M is as an almost complex manifold which is the disjoint union of 
two copies of X X S"^ with conjugate almost complex structures. 

The complex vector bundle E. The vector bundle E ^ M consists, of course, of two vector 
bundles: one on each copy of A x 5^. The vector bundle E^ -^ X^ x S^ is constructed by 
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combining symmetric tensors of H ' with the 'winding' of the coefficient function 7 around 
the positive integers n + 2j, j = 0, 1, 2, ... . The vector bundle E^ ->• X'^ x S* is constructed by 
combining symmetric tensors of the conjugate bundle H ' with the winding of 7 around the 
negative integers -(n + 2j),j = 0, 1, 2, ... . 

Quite generally, for a topological space W a continuous function cj: VF -> C \ {0} determines 
a (complex) line bundle L{a) onW x S^ . We set S"^ - S\vj S^, where S\ and S}_ are the upper 
and lower hemispheres of 5^, 

5^ = {A6C| |A| = 1}. 
Then L{(t) is obtained by the clutching construction 

L{a) = (VF X 5|) X C u^ {W X Sl) X C, 

where the identification using a is 

(tt;,-l,A) -- (u',-l,A) 
(u;,l,A) ~ {w,l,a{w)\). 

Equivalently, given a: H^ -s- C \ {0} consider the map 



^ : VF X 5I - 5I X 5I : («;, A) - (44, a) . 

\\a{w)\ ) 



Then L{a) is the pull-back using a of the Hopf line bundle ^ on S*^ x S"^, 

For the integers A; = ±(n + 2j) we write 

L^.L(7-fc). 
Then on X* x S we set 

while on X^ x S we have 

The integer A^ must be chosen sufficiently large. For large values of j the line bundles iS* , „ ^ 
are trivial. The resulting contribution to the geometric X-cycle would then be a boundary, and 
can therefore be omitted. Only finitely many values of j contribute a nontrivial term. 

The continuous map Lp. The map ip:M -^ X is projection on the first factor X for each of 
the two copies of X x S*^. 

Theorem 1.3.1. Let X he a closed manifold with contact form 6, contact hyperplane bundle H 
and Reeb field T. Suppose a complex structure J is chosen in the fibers of H compatible with 
the symplectic form d9. Let Ajj be a sublaplacian for the structure {X,6, J). 
For a hypoelliptic Fredholm operator P^ - Ah + i^T we have 



[P^] = fi{X+ X S\ E+, (f) + fi{X- X S\ E-, if) 
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Remark 1.3.2. Theorem 1.3.1 immediately implies the index formula derived in [25], but is a 
much stronger and more precise result. It is interesting to compare the two results, and we 
briefly discuss how to derive the index formula of [25| . As an immediate corollary of Theorem 
ll.3.1l we obtain 

N 



Index P^ = E f ch(7 - (" + 2j)) a ch(Sym^if 1'°) a Td{H^'^) 

+ (-l)"^^E / ch(7 + (n + 2i))Ach(Sym^.H'°'i)ATd(if°'^). 



j=0- 

Here X is oriented (in both integrals) by the volume form 6{d9)^. The factor (-1)"^^ for the 
second term arises from the fact that X~ x S^ has conjugate almost complex structure from 
X* X 5^, and is of complex dimension n + 1. 

The product ch(Sym-'i7*^'^) A Td{H^'^) that appears in the second term is a characteristic 
class of H^'^, and therefore a polynomial in the Chern classes of H^'^ . For the individual Chern 
classes we have 

Since the odd Chern character ch(7 + (n + 2j)) of the scalar function 7 + (n + 2j) is a 1-form, 
the relevant part of ch(Sym-'i? ' )Td{H ' ) is in dimension 2n. We can therefore replace H ' 
everywhere by H ' at the expense of a sign (-1)"", obtaining 

N ^ 

IndexP-^ = E / [ch(7 -{n + 2j)) - ch(7 + (n + 2j))] a ch(Sym^i/^'°) a Td(i7^'°). 
In |25l this was written as 



IndexP^ = f ch(a(P)) a Td(X+), 
where a{P) 6 K {X) is the (odd) ET-theory class 

eK^(X) 



N 



'^JTO' H 



1,0 l-{ri + 2j) 



i=oL '7+(n + 2j). 

and TX* - H^'^ ® R has its positively co-oriented Spin'^ structure. 

Remark 1.3.3. The index formula in the form in which it was presented in [25] leads one to 
believe that the i^-cycle for [P-y] should consist of a single component {X x S^,E,ip). The above 
calculation seems to bear this out, because we successfully combined the two components into 
one. But this is misleading. As soon as we introduce a complex vector bundle F -^ X and twist 



Py by F, Theorem 1.3.1 leads to a formula for the Predholm index of PoPy that does not easily 



reduce to a single integral. It is precisely for this reason that the formalism of geometric K- 
homology appears better suited to formulate the solution to this index problem than topological 
ii'-theory. The 'answer' in 25 took the form of a class in K^{X). Now K^{X) and Kq°^{X) 
are isomorphic by Poincare duality. But there are two natural Poincare dualities, one for each 
of two conjugate Spin"^ structures on X, and it is unnatural to try to express the final answer as 
a single class in K^{X). 

What then is the explanation for the formula of [25] from our current perspective? Effectively, 
the trick employed in [25] is equivalent, in the current framework, to taking the conjugate of 
every ingredient of the second component of our (M, E, (p) cycle. We can replace the almost 
complex manifold X^ x 5"^ by its conjugate X'^ x S^, the complex vector bundle H^'^ by the 
conjugate bundle P'"'^, and the line bundles L(7 + k) by their conjugate bundles P((7 + kY^). 
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The resulting i^-cycle is a disjoint union of two cycles with Spin^ manifold X^ x S , and they 
are easily combined into one. 

It turns out that this procedure of conjugating the ingredients of an (M, E, ip) cycle constitutes 
a natural operation in i^- homology. In a separate publication we will show that conjugation is a 
non-trivial automorphism of the iC- homology functor that is not plus or minus the identity [8j . 
Therefore, if we conjugate the second term {X~ x S^,E^,ip) in our {M,E,ip) cycle for [P-y] we 
obtain a non- equivalent /iT-cycle. But now consider what happens if we are only interested in 
the Fredholm index of the scalar operator P^. The Fredholm index corresponds to the map in 
i^T-homology Kq"^{X) ->• i^Q°*'(point) induced by X -»• point. As we will show in Isj, conjugation 
in the group iirQ''^( point) = Z is just the identity map. Therefore, while conjugation of the 
second term in our K-cycle alters its equivalence class in Kq°^{X), this operation does not affect 
its image in iirQ°^( point). The discovery and clarification of the conjugation operation in K- 
homology is an interesting spin-off of our current work. We refer to [8] for a detailed discussion 
of this operation. 

1.4. Outline of the proof. So far we have only considered second order differential operators 
P-y - Ah + i^T. But our results apply to arbitrary hypoelliptic pseudodifferential operators in 
the Heisenberg calculus. In this section we outline the general results and the main structure of 
the proof. The following diagram represents the overall structure of the argument. 

KoiC-iTHX)) 



K%x) 




KK^CiX), 



All the arrows in this diagram are isomorphisms. Theorem ] 1.3.1 will follow as soon as we have 
shown that the outer triangle commutes. We prove that the outer triangle commutes by showing 
that the other three triangles in the diagram commute. Commutativity of each of these triangles 
constitutes an independent result, i.e., the three commutativities are logically independent. 

The Atiyah-Singer index theorem. The bottom triangle in the diagram. 



K^{T*X) 




Opo 



K'ix) 



-^KK'^{C{X),C) 



first appeared in [m section 23], and presents the index theorem of Atiyah and Singer as a 
statement in ii'-homology. The map 

c: k\t*x)->kI;'P{x) 

is the 'clutching construction' of |6, section 22], which produces an (M , E , ip)-cycle from a 
(compactly supported) X-theory class {a,E^,E^) e K^{T*X). One can think of this map as 
implementing Poincare duality between K^{T*X) and Kq'^{X). 
The map 

Ope : K^{T*X) ^ KK^{C{X),C) 
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is the 'choose an elhptic operator' map: For a compactly supported if -theory class {a,E ,E ) 
one constructs an order zero pseudodifferential elliptic operator P:C°°{X,E ) -s- C°°{X,E ) 
whose symbol (at the level of if -theory) is {a, E ,E ). Commutativity of the triangle amounts to 
the statement that the (M, E, c/?)-cycIe obtained by clutching the symbol of an elliptic operator 
P is the topological equivalent of the analytic if -cycle [P]. This is the Atiyah-Singer index 
theorem for elliptic operators formulated in the context of geometric if -homology. This was 
essentially stated and proved in pj. The proof implicit in |T| uses the Atiyah-Singer theorem 
for families of elliptic operators. Elsewhere |9| we shall give a proof of the commutativity of 
this diagram which does not use the Atiyah-Singer index theorem. Thus the situation shall be 
reversed. In 19] Atiyah-Singer will be a corollary of commutativity of the triangle. 

The index theorem for the Heisenberg calculus. The triangle 

ifo(C*(T^X)) 

K'iX) ^ -ififO(C(X),C) 

is the analog for the index problem of hypoelliptic operators on contact manifolds of the triangle 
of (6| section 23]. 

Elements in the group K {T*X) represent symbols of elliptic operators. For the Heisenberg 
calculus the group if "^(T^X) needs to be replaced by Ko{C*{ThX)), the if -theory of a noncom- 
mutative C*-algebra C*{ThX). The notation ThX refers to the tangent bundle TX equipped 
with some extra structure related to the contact form. The symplectic form on H^ gives rise to 
the structure of a Heisenberg group in each tangent fiber T^X - H^ x M, with product 

{v,t){v',t') = {v + v',t + t' --d9{v,v')), v,v' ^H^, t,t' &R. 

Thus, ThX is a fiber bundle of nilpotent Lie groups instead of a bundle of vector spaces. We 
will think of TfjX as a smooth groupoid with base X. The C*-algebra C*{ThX) is the norm 
completion of the convolution algebra C^{ThX) of functions on the groupoid ThX. 

The insight that Kq(C*{ThX)) is the natural recipient for the principal symbol of a Fredholm 
operator in the Heisenberg calculus is a central result in |24]. We will show here that there is a 
well-defined map 

Op^ : KoiC*iTHX)) ^ KK\CiX),C) 

which is the 'choose a hypoelliptic operator' map for the Heisenberg calculus: To a class v e 
Kq(C*{ThX)) assign an order zero hypoelliptic operator in the Heisenberg calculus whose 
principal Heisenberg symbol is equivalent in if -theory to v. 
Explicitly identifying the map 

b:Ko{C*{THX))-^Kl"P{X) 

that makes the triangle commute is the crux of our index problem. Given the fact that C*{ThX) 
is noncommutative, the definition of b is necessarily more complicated than in the classical elliptic 



case (see Definition 2.7.1 ). Commutativity of the triangle is the content of Theorem 3.5.1 , which 
is the main result of this paper. The crucial point is, of course, that the Poincare duality map 
h can be effectively computed, which we show in the remainder of section |4] 

The maps to geometric if-homology. We prove our index theorem by showing that the 
two remaining triangles in our overall diagram commute. Because ThX is a bundle of nilpotent 
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groups, there is a natural isomorphism 
^ : K^{T*X) -> Kq{C*{ThX)). 



The isomorphism ^ ultimately derives from the Connes-Thom isomorphism 21 . The remaining 



commutative triangles concern the compatibility of ^ with the maps to the two if-homology 
groups. One of the two remaining triangles is 

Ko{C*{ThX)) 

A 




K^{T*X) 



^0 



(X) 



Commutativity of this triangle is the content of Theorem 2.7.5 The map b is the analog in the 
context of the Heisenberg calculus of the 'clutching construction' c of |6|, which is a version of 
Poincare duality. Indeed, our construction of the map b involves Poincare duality in an essential 
way. In fact, it involves Poincare duality for both of the natural Spin^ structures associated to 
the contact structure. Thus, Poincare duality (and the fact that there are two such dualities for 
every contact manifold) is at the heart of our solution of the index problem on contact manifolds. 
Proving that the triangle commutes involves effectively computing an inverse for the Connes- 
Thom isomorphism ^. This is one of the most difficult steps in the proof, and it was not achieved 
in either 124] or 25 . We succeed here by combining a careful analysis of the Type I structure 



of C*{Tf{X) with a strong deformation of this noncommutative algebra to Cq{T* X). 

The maps to analytic iT-homology. The link between the two 'choose an operator' maps 
for the classical and Heisenberg calculi is established in the triangle: 

Ko{C*{ThX)) 

-0 



K"{T*X) 




^KK%C{X), 



Using an adaptation of the tangent groupoid formalism of Alain Connes, we showed in p4[ section 
3.7] that the isomorphism ^ commutes with the analytic index maps. 

Index Opg(o-) = Index OpH(^(cr)). 

In other words, we established commutativity of 

Ko{C*{ThX)) 

I ^"\IndcxOpH 




K^(T*X) 

IndexOpo 

where the 'choose an operator maps' were composed with the Fredholm index 

Index : KK°{C{X),C) -> ^■ 
Here we modify the tangent groupoid argument from [24] and derive the stronger result that 

[Ope(a)] = [Oph(^(^))] 6 KKiCiX),C). 
This is the content of Theorem 13.4. 1[ 
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1.5. Summary of the paper. Section [2] discusses the ingredients and commutativity of the 
triangle 



Ko{C*{ThX)) 

-0 



K^{T*X) 



j^top 



(X) 



A major portion of this section consists of a detailed analysis of the structure of the C*-algebra 
C*{T hX). This analysis culminates in Proposition 2.6. 1[ which is the basis for our Definition 



2.7.1 



of the 'Poincare duality' map b from iC-theory Kq{C*{ThX)) to ii'-homology Kq'^{X) 
Theorem |2.7.5| is the conclusion of this section, establishing commutativity of the triangle above 
Section [3] deals with the analogous triangle for analytic X-homology, 



Ko{C*{ThX)) 

A 
K^{T*X) 



OPH 




^KK^'iCiX), 



resulting in Theorem 3.4.1 which establishes commutativity of the triangle. Here we also show 
that the 'choose a hypoelliptic operator' map OpH is well-defined. Combining the results of 
sections [2] and [3] yields what we consider to be our main result: Theorem 3.5.1 which asserts 
commutativity of the triangle 



KoiC'-iTHX)) 




OpH 



K^rTf 



(X) 



KK%C{X),C) 



In section H we show how to apply Theorem 3.5.1 to compute an explicit i^-cycle b{aH{P)) - 
{M,E,ip) for a given hypoelliptic operator P in the Heisenberg calculus. In section [43| we carry 
out this computation for the special case of the operators P^y - Ah + ijT, proving Theorem 



1.3.1 In section 4.4 we indicate how the Boutet de Monvel index formula for Toeplitz operators 



is a corollary of Theorem 3.5.1, In section 4.6 we answer a question posed by R. Ponge. We 
conclude this paper with the example of odd-dimensional spheres, where our index formula has 
an especially simple form. 

Acknowledgment. We thank A. Connes, R. G. Douglas, E. Getzler, A. Gorokhovsky, N. 
Higson, R. Nest, and R. Willett for enlightening comments and discussions. 

2. The Poincare duality map b 

This section is an exercise in noncommutative topology. We will not yet be concerned with 
hypoelliptic operators. Instead we focus here on a thorough analysis of the structure of the 
groupoid C*-algebra C*{ThX). This then allows us to construct an inverse for the Connes- 
Thom isomorphism 

^ : K^{T*X) ^ Kq{C*{ThX)). 



In Definition |2. 7. 1| we define the Poincare duality map 
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The main result of this section is Theorem 2.7.5, which asserts that there is commutativity in 
the triangle 

K\T*X) ^^ Ko{C*{ThX)) 



The Type I C*-algebra C*{T}jX) decomposes into stably commutative factors. In iC-theory 
each factor in this decomposition can be treated as a topological space. This is our first handle 
on the ir-theory of C*{ThX). 

Deformations, if appropriately axiomatized, induce maps in i^-theory. Alain Connes's tan- 
gent groupoid proof of the Atiyah-Singer theorem beautifully encodes the role of C*-algebra 
deformations in index theory [l6| II. 5]. In J24J we adapted the tangent groupoid proof to the hy- 
poelliptic index problem. Our strategy for computing the topological equivalent for an element 
in Kq{C*{ThX)) is to realize the decomposition of C*{ThX) into stably commutative factors 
as the quantization of a purely commutative extension. 

2.1. The C*-algebra of the Heisenberg group. The C*-algebra C*{ThX) is a locally trivial 
bundle of C*-algebras over X, whose fiber is the group C*-algebra C*{G) of the Heisenberg 
group. We start by recalling some well-known facts about the structure of this algebra. 

Let V = M^"' be the standard symplectic vector space with symplectic form w. Multiplication 
in the Heisenberg group G = F x M is defined by 

{v,t) ■ {v ,t') - {v + v' ,t + t' + -uj(v,v')). 

The factor g is chosen so that for two vectors v,w &V the Lie bracket is given by the symplectic 
form [v,w] - uj{v,w). 

Fourier transform in the M variable for functions / e C^{G), 

f{v,s)^ [e''''f{v,t)dt 

completes to a ^-isomorphism, 

C*{G) = C*{VxR*,soj). 

Here F x M* denotes the vector bundle over M* with fiber V. We may think of it as a smooth 
groupoid with object space M*. The expression su refers to the groupoid cocycle 

c : 1/ X y X M* -=► [/(I) , c{{v,s), {w, s)) - exp{isuj{v,w)). 

The C*-algebra C* {V xM* , suj) is the completion of the groupoid convolution algebra C^{VxM.*) 
twisted by the cocycle c, 

(/ *c ~9){V, S) = ^ e^Mv,n.)f^^ _ ^^ ^) ~(^^ ^) ^^_ 

Elements in the C*-algebra C*{G) can be identified quite naturally with sections in a continuous 
field over M*. The fiber at s e M* is the twisted convolution C*-algebra C*{V,suj) (now with 
fixed value of the parameter s appearing in the cocycle). At s = the fiber is commutative, 
C*{V) = Go{V*). If s ^ the field is trivial, and each fiber is isomorphic to the algebra of 
compact operators, C*{V, sea) = JC. Restriction to s = gives the decomposition 

-> C*{V X R^sa;) ^ C*{G) ^ Co{V*) ^ 0, 
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A simple rescaling of the parameter s e M'* = M* \ {0} gives an isomorphism 
C*{V X R\su;) ^ Co(-oo, 0) (8) C*{V, -u) ® Co(0, oo) (g) C*{V,uj). 

We adopt the convention that we identify 

XxR"" ^Xx (-0O, 0) u X X (0, oo) f« X X R u X 



X 



by the map s >-^ log \s\ for s e M'*. In other words, both components of X x R'* are oriented from 
to ±oo. In then have an isomorphism 

C*{VxR'',su})^Co{R)^C*{V,-uj)®Co{R)^C*{V,uj). 

While both C*-algebras C*{V, ±uj) are isomorphic to /C we will not identify these two algebras, 
for reasons that will soon become apparent. 

2.2. U(n) symmetry. With a choice of contact 1-form 9 and compatible complex structure J 
in the fibers of H we have a reduction of the structure group of TX to U{n). It is useful to 
consider the U{n) symmetry of the group C*-algebra C*{G). 

With the standard identification V - M^" = C" the canonical action of the unitary group U{n) 
on V - C" induces automorphisms of the Heisenberg group G - V xR^ and therefore of the 
C*-algebra C*{G). There is also the obvious action of U{n) on the C*-algebra C*{V x R* ,suj). 
The U{n) action on functions on G = y x M commutes with the Fourier transform in the R 
variable. Therefore the isomorphism 

C*{G) = C*{VxR\suj) 

is U{n) equivariant. Likewise, the isomorphism 

c*{y xR^'^suj)^ G{R) ®c*{y,uj)® c{R) ®c*{y, -u) 

is U{n) equivariant. 

Now choose a representation 

C*{V,u)^K{U). 

The U{n) action on G*{V,oj) induces an action on IC{T-L). The automorphism group of /C('H) 
is the projective unitary group U(T-L)/U(1) of the separable Hilbert space Ti. As we will see 
below, the induced action U(n) -> Aut(/C(^)) lifts to a unitary representation U{n) -^ U{T-L). 
This is of crucial importance for our analysis, because it will imply, later on, the vanishing of the 
Dixmier-Douady invariant of a specific /C(?^)-bundle over X, providing us with an important 
Morita equivalence. 

For the opposite algebra C* {V, -oo) we have the isomorphism 

where % denotes the Hilbert space that is conjugate (or dual) to %, and that carries the dual 
representation of U{n). This isomorphism is equivariant with respect to the U{n) actions, and 
the Hilbert space % is not ismorphic to Ti as a representation space of U{n). 
In summary, we obtain the U{n) equivariant isomorphism 

C*(y X M^ stj) ^ Co(M) (8) /C(^) ® Co(M) (8) /C(W). 

It will be useful to have a concrete model for the Hilbert space Ti with its representations of the 
Heisenberg group G and the unitary group U(n) c Aut(G). 
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2.3. Bargmann-Fok space. The representation space of the Heisenberg group G that most 
clearly exhibits the U{n) action is the Bargmann-Fok space. As a U{n) representation, the 
Bargmann-Fok space is a completion of the space of symmetric tensors of C", 

oo 

H^^DSymC" = 0Sym^C" 
i=o 

with its standard U{n) action. If we identify symmetric tensors with complex polynomials on C"" 
then the Bargmann-Fok space is the Hilbert space of entire functions on C" with inner product 

U,g)- J f{z)^e-\-^\"dz. 

If Zi, . . . , Z„ is an orthonormal basis for C" then the monomials H^j^Z^'/ttij! form an orthonor- 
mal basis for T-L . In particular, the summands Sym-^ C" are mutually orthogonal. 

Let us briefly review how the Heisenberg group G acts on this space. To describe the represen- 
tation it is convenient to pass to the complexified Lie group Gc. In order not to get confused, let 
us denote hy J'-V ^ V the standard complex structure onV - M^" and not identify V with C" 
here. The complexified space V®C splits into the ±\/-l eigenspaces for J asV ®C - V^'^ bV^'"^ . 
Correspondingly, the complexification of the Lie algebra g of G splits as a direct sum 

g (8) C - y^'° ® F°'^ ® c. 

Recall that u}(Ju, Jv) - uj(u,v) and uj(Jv,v) > if w * 0. If we extend the bilinear form a; to a 
complex bilinear form on y (g) C then the expression 

{z,w) - iuj{z,w) 

defines a hermitian inner product on y ' . Let {Zi, . . . , Z„} be a basis for V ' that is orthonor- 
mal with respect to this hermitian product. For the complexified Lie algebra A,B e g (8) C we 
have [A,B] = u}{A,B) = -i{A,B). Therefore 

[Zj,Zk] - -5jk- 

Since V ' is perpendicular to V ' we also obtain: 

[Zj,Zk] - [Zj,Zk] - 0. 

In this picture the Bargmann-Fok space contains the symmetric powers of V ' , and can be 
identified with a space of entire functions on V ' . The representation vr of the complexified Lie 
algebra g (8) C on ^ is given by 

d 
7r(Zj) = izj , 7r{Zj) = i-— , 7r(l) = i. 

OZj 

The multiplication operator Zj and complex derivative d/dzj are unbounded linear operators on 
Ti. . The subspace of polynomials SymF^'*' is an invariant subspace for both operators, and 
hence also for the universal enveloping algebra Z^(g) of the Lie algebra (they are smooth vectors 
of the representation). The operators Zj and d/dzj are adjoints, and so tt(W)* - -tt(W) for all 
vectors W € q®C This implies that tt(v) is skew adjoint for vectors in the (real) Lie algebra 
f e g, and the corresponding representation for the group G is unitary. 
In summary, we have U{n) equivariant *-homomorphisms 




/C(^«^). 
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The horizontal arrow is the Bargmann integral transform, which assigns to a function on V 
(or its Fourier transform on V*) an operator on Ti |4|. For the opposite algebra C*{V,-uj) 

we obtain a representation on the conjugate space Ti , which is a completion of the space of 
symmetric tensors of V^'^ - C carrying the dual (or conjugate) representation of U{n). We will 
adopt the notation 



H 



BF 



iBF 



n''^, n 



BF 



n 




r(}i'') - c*(v, ^ 



c N*) ^ c 



^ ^^(n^n ^ cTv.-w 



Figure 1. The short exact sequence ^ Co(M^/C) -> C*(G) -^ CoiV*) -> 



2.4. Quantization. Recall that the group C*-algebra C*(G) is a quantization of the commu- 
tative algebra Co{q*) - Co{V* x M*). The procedure is quite simple. Consider the twisted 
convolution C*-algebra 

A^C*{VxR* X [0,1], seuj), 

with cocycle 

c : V X V xR* X [0,1] ^ U{1) , c{{v,s,e), {w,s,e)) - exjp{iseoj{v,w)). 

We can think of elements in this C*-algebra A as sections in a continuous field {A^} with 
parameter e e [0, 1]. For e e (0, 1] the field is trivial, with As = Ai - C*{G). At e = we have 
the commutative algebra 

^0 ^C*{Vx M*) = Coiy* X R*). 

We thus have a (strong deformation) quantization from Aq to Ai. As is well-known, this quan- 
tization induces an invertible £^-theory element in £^(^0,^1) that, in turn, corresponds to a 
iTiC-equi valence . 

Now consider the decomposition 

^ C*{y X R^sa;) ^ C*{G) ^ C*{y) ^ 0. 

When restricted to the ideal 

c*{y X M^ sw) ^ Co(M) ® ic{n^^) ® Co(M) ® ic{n^^) 

the i^i^-equivalence C*{G) ~ Co(g*) amounts to the Morita equivalence 
Co(M)(8)/C(^^-^)®Co(K)®/C(-Hf-^) - C7o(M)®C®Co(]R)®C 
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composed with the Bott isomorphisms /?_ ® /3+, 

••• ~ Co{R)^Co{V*)®Co{R)(^Co{V*) = Co{V* xR''). 

Here /?+ denotes the canonical Bott generator for the complex vector space V^'^ - C"", while /3_ 
denotes the Bott generator for the conjugate space V^'^, 

/3+6Ki^(C,Co(y^'°)), /3_6KK(C,Co(y°'i)). 

We obtain a XX-equivalence of short exact sequences: 

^ C*{V X R\suj) ^ C*{G) ^ C*{V) ^ 



kk"("'> 



KK^'^"') 



Co{v* X RX) ^ Co(y* X R*) — ^ Co(y*) — - 

The close connection between Bott periodicity and the i^i^-equivalence C*{V>iR^ , suj) ^ Co{V*x 
R^) gives us a grip on the iCi^-equivalence C*{G) ~ Co{V* x R*), which is the Connes-Thom 
isomorhism that we are trying to understand. Observe that all *-homomorphisms and KK- 
equivalences are [/(n)-equivariant. The diagram can therefore be interpreted as a commutative 
diagram in the category KK^"''. 

2.5. Associated bundles. Our entire analysis easily carries over to associated bundles (of 
groups, Hilbert spaces, C*-algebras) over a contact manifold X. As above, the contact 1-form 
9 and complex structure J in the fibers of H induce a reduction of the structure group of the 
tangent bundle TX to U{n). Let Pu denote the principal U{n) bundle of orthonormal frames 
in H with respect to its hermitian structure associated to ^, J . 

The standard action a of U{n) on C" gives the associated complex vector bundle 

F^'O . Pjj x^ C". 

This is just the complex vector bundle with underlying real vector bundle H and complex 
structure J. The tangent space TX is then identified with 

TX = Pu x«ei C" ® M = iJ^'° ® R. 

This identification exhibits the stably almost complex (and hence Spin*^) structure of TX. The 
bundle of Heisenberg groups Tj/A identifies with 

TrX - Pjj Xctxi G. 

Here a x 1 denotes the U{n) action on G = C" x R. The induced action on C*{G) gives the 
convolution C*-algebra C*{ThX) of the groupoid ThX, 

C*{THX)^PuXa><lC*{G). 

Denote by p the action of U{n) on the Bargmann-Fok space T-L - Tif , the completion of 
the symmetric tensors SymC" described above. We can form the associated bundle of Hilbert 
spaces 

vf^^Puxpn"^^. 

Continuous sections in V^ form a Hilbert module over C(X), and we have the dense subspace 

oo 

0Sym^i/i'Ocyf^. 
j=0 
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The conjugate representation to p gives rise to the dual module V_ with fiber T-L_ and 

oo 

0Sym^FO'icy^^. 

If vr denotes the Bargmann-Fok representation of G on T-L , then for fixed u e U{n) the operator 
p{u) e U{'H ) is an intertwiner of vr and vr o (a x l)(n), 

vr((a X l){u).g) = p{u)'K{g)p{uy^ . 

This compatibility of q x 1, p and vr (respectively: C/(n) acting on G, U{n) acting on T-L , and 
G acting on T-L ) implies that vr is well-defined as a representation of a fiber G*{Gx) of the 
bundle C*{ThX) on the fiber Vjf of the Hilbert module V^ . The representation vr thus gives 
rise to a *-homomorphism of C(X)-algebras, 

vr: C*{ThX)^1C{V^^). 

Here /C refers to 'compact operators' in the sense of Hilbert modules. Our analysis of the 
structure of C*{G) carries over to C*{ThX). We obtain a short exact sequence 

Q^Ih-^G*{ThX)-^Cq{H*)^Q, 

and the ideal Ih can be identified with 

Ih = Pu xi^Adip) [Com ® IC{n^^)] ® Pu x^Adip) [Com ® /C(^f ^)] 
= Co{R) ® IC{V_^^) e Co(M) ® /C(Vf ^). 

We see that //^ is Morita equivalent to the commutative algebra Gq(X xM^), and we have an 
explicit imprimitivity bimodule, namely the disjoint union of the pull-back of V^ to X x (0, oo) 
and the pull-back of Vi^^ to X x (-cxj, 0). 

2.6. Inverting the Connes-Thom isomorphism. In [23 we discussed the crucial role of the 
isomorphism 

* : K°{T*X) -> Kq{G*{ThX)) 

for our index problem. The isomorphism $ is essentially the Connes-Thom isomorphism in each 
fiber, which agrees with the XX-equivalence induced by the quantization from Cq{q*) to C*{G). 
We now obtain a better grip on this isomorphism by analyzing how the quantization behaves 
when we decompose C*{ThX). Our analysis of C*{G) carries over immediately to C*{ThX) 
because of the U{n) equivariance of all the relevant constructions. 

Quite generally, a principal G bundle P for compact group G and compact base X - P/G 
induces a functor from the category KK (equivariant i^if -theory) to the category KK 
{RKK-th.Qoxy for C(X)-algebras) in the obvious way. The functor assigns to a G-C*-algebra A 
the C(X)-C*-algebra of G-equivariant continuous functions 

P{A) ^{f: P^A\ f continuous, f{pg) = g-'f{p)}. 

Similarly for the morphisms: to a G Hilbert module £ over A the functor assigns the C{X) 
Hilbert module of G-equivariant continuous functions P -^ S, etc. 

In this way the f/(n)-equi variant ii'/C-equivalence of short exact sequences for C*{G) that 
we derived above implies i^TiiT-equivalence of the associated sequences for bundles over X. We 
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obtain 







^Ih- 

Co{H*x. 



= ) 



-^C*{ThX) 



C*{H) ^0 



') ^CoiH*) -0. 



Observe that the bottom sequence is just 

-> Co{T*X \ H*) ^ Co{T*X) ^ Co{H*) ^ 0, 

induced by the inclusion H* c T*X. FoUowing our analysis of C*{G) we see that the i^ in- 
equivalence Ih ~ Cq{H* X M'*) is a composition of the ^-isomorphism 

Ih = C*{HxR\ soj) ^ Co(M) ® /C(y^^) ® Co(M) » /C(Vf ^) 
with the Morita equivalence 

••• - Co{XxR)eCo{XxR) 
and, finally, the two Thom isomorphisms t^ ® t* , 



Co{H' 



0,1 



i)®Co{H 



1,0 



i)^Co{H*xR''). 



Here r^ and r~ denote the Thom classes for the complex bundles H ' and H ' respectively. 

Let us isolate the maps in iT-theory that are relevant for our purposes. We summarize the 
conclusion of our analysis in the form of a proposition. 



Proposition 2.6.1. The following diagram commutes 



K^{T*X\H*) 

A 



K^iXx 

A 



Thom isorn. 
) 



«)V/ 



Morita equiv. 



Connes-Thom 



Ko{Ih) 



K%C*{ThX)) 



All vertical maps in the diagram are isomorphisms, and the horizontal maps (induced by inclu- 
sions) are surjective. The vertical arrows on the left are explicitly given by 



K^{H^'^ X R) ® K^{H^^^ X R) 



Thom isom,. 



K^{XxR)eK^{XxR) 



-^K^{T*X\H*) 

A 

-^K^iXxR'') 



(giVjSFgj ^yB 



Morita equiv. 



Ko{Co{R) <^ IC{V_^^ )) ® Ko{Co{R) ^ IC{Vf^ )) 



KoilH) 



Proof. We only need to check the claim about surjectivity of the maps represented by the 
horizontal arrows. The inclusion of each connected component of T*X \ H* into T* X is a 
homotopy equivalence. Therefore K^{T*X \ H*) -> K^{T*X) is surjective. Since all vertical 
maps are isomorphisms, the same is true for the map Kq(Ih) -^ K*{C*{ThX)). D 
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2.7. Poincare duality. 

Definition 2.7.1. The Poincare duality map 

b:Ko{C*{THX))-^Kl"P{X) 

is defined by choosing an arbitrary hft of an element in Kq{C*{ThX)) to an element in Kq(Ih), 
followed by the composition of maps 

Ko{Ih) = K\X) ® K\X) "[^"i^[^'] Kl°P{X) e Kl°^{X) ^ K*°P(X). 

From left to right, these maps are (1) Morita equivalence induced by the Bargmann-Fok Hilbert 
modules V^ and V , (2) Poincare duality for the two natural Spin'^ structures on X and (3) 
addition of i^- homology classes. 

Remark 2.1 fl. Let us repeat here that the implicit isomorphism 

K^{X X M'^) ^ K^{X X M) e K^{X X M) ^ K^{X) ® K^<yX) 

is chosen such that the identifications (-oo, 0) ~ M and (0, oo) k, R are given by the map s ^ log |s|, 
i.e., each component of M'* is oriented from to ±oo. 

Remark 2.7.3. The i^-theory class of the symbol [c//(P)] e Ko{C*{T}{X)) only depends on the 
principal symbol of P in the Heisenberg calculus, and is uniquely defined by P, independent of 
arbitrary choices. In section ffl we will see that choosing a representative in Kq{Ih) amounts to 
perturbing the distribution au^P) e £'{ThX) by a function in C^{Tf{X) in order to give it 
an extra property that is not determined by the principal symbol alone. The choice of such a 
perturbation is always possible, but not uniquely determined by P. However, the equivalence 
class of b{aH{P)) in K-homology does not depend on the choice of this perturbation, and so the 
map b is well-defined. The proof of this fact is implicit in the proof of the following theorem. We 
will also see that the second order operators Ah + i^T do determine a canonical (or 'preferred') 
element in Kq(Ih)- 

Lemma 2.7.4. The following diagram, com,mutes, 
K°{X X M) -^^ K^{T*X) 



KKX)—^Kl"\X) 

Here the left vertical arrow is the suspension isomorphism in K-theory; the upper horizontal 
arrow is the Thom isomorphism resulting from the direct sum decomposition T* X - H ' ® M; 
the lower horizontal arrow is Poincare duality on the Spin^ manifold X, i.e., is cap product 
with the K -homology fundamental cycle [^^]; and the right vertical arrow is the "clutching 
construction", i.e., cap product with the K -homology fundamental cycle of the Spin'^ manifold 
T*X. 

Proof. Commutativity of the diagram follows from commutativity of the two triangles that 
appear if we introduce the diagonal arrow which is the Thom isomorphism for the Spin'^ vector 
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bundle T*X on X, 



K^{X X M) -^^ K^{T*X) 



K\X)—^Kl"^{X) 

Commutativity of the two triangles is standard algebraic topology, which we now briefly indicate. 
The upper triangle commutes because the Thom class for T* X - H^'^ ® M is the product of the 
Thorn classes used for the left vertical arrow and the upper horizontal arrow. For commutativity 
of the lower triangle, use the following notation: /3 e KK^{C{X),Co{T*X)) is the Thom class 
for T*X, a e KK^{Co{T*X), C{X)) is the i^i^-element given by the family of Dirac operators 
for the fibers of T*X. The Dirac-dual Dirac identity in this context is the assertion that the 
Kasparov product /3#a is the unit element of the ring KK^(C{X),C{X)), 

/3#a = 1 e KK°{C{X),C{X)). 

The total space of T*X is itself a (non-compact) Spin"^ manifold, and its X- homology funda- 
mental class [T*X] is the Kasparov product of a and [X^], 

[T*X] = a#[X+] 6 KK^{Co{T*X),C)- 
It now follows that 

l3#[T*X]^f3#a#[X^] = [X% 
which gives commutativity of the lower triangle. 
Theorem 2.7.5. The following diagram commutes 

K\T*X)-^Kq{C*{ThX)) 



u 



K'{x) 



where b is as in Definition 2.7.1, and c is the "clutching construction" introduced in [6i section 

22]. 



Proof. If we identify X x (0, oo) = X x M, then Lemma 2.7.4 gives commutativity of 
K^{X X (0, oo)) ^^ K°{T*X) 



Similarly, for the conjugate Spin^ structure on X we have 

e:0(x X (-0O, 0)) ^^ KO(r*x) 



K\X) 



n[X-] 



K'ix) 
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The sign of the isomorphism K {X x (0, oo)) = K (X) depends on the orientation of (0, oo), i.e., 
on the orientation of the normal bundle N - X xM, which in turn depended on the choice of 
contact form. In order to make the second diagram commute we must orient (-oo,0) from to 
-oo. This is because the reversed orientation of the normal bundle A^ is built into the definition 
of the fundamental cycle [^~], and also affects the choice of the isomorphism 

K°(X X (-00,0)) = i^°(X X M) ^ K'^iX). 

Combining the two components of X x M'* , we obtain a single diagram 

K\X X (-00,0)) ® K\X X (0,+oo)) '^^'®'^< K^{T*X \ H*) ^ K°{T*X) 

~ c 

K\X) ® K\X) ^^^_j^^^^,j= <^(X) ® <^(X) ^ <^(X) 



Comparing this diagram with Corollary |2.6.1 proves the proposition 



n 



3. The index theorem as a commutative triangle 



The symbol aniP) of a hypoelliptic operator in the Heisenberg calculus naturally determines 
an element in Ko(C*{T}{X)). In this section we prove that the Poincare dual b{aH{P)) ^ 
Kq^{X) of the Heisenberg symbol is the desired i^-cycle ^jT (P). The main result of this 
section is Theorem |3 . 5 . 1 1 which asserts that there is commutativity in the triangle 

Ko{C*iTHX)) 



i^o(^) KK^{C{X),C) 

For convenience of the reader, we start with a brief sketch of the main features of the Heisenberg 



calculus. References are 10,17,23 



3.1. Differential operators in the Heisenberg calculus. Consider a differential operator 
P on a smooth manifold X, given in local coordinates by an expression 

P= Y, ctad", a^ {ai,...,an), \a\^Y,aj, 8°' = U{d/dxj)"\ 

\a\<d 

where the coefficients Oq, are smooth functions. The highest order part of P is not well-defined 
as a differential operator on X. The algebra of differential operators is only filtered, not graded. 
But the highest order part at a point x € X, 

Px - E a«(a^)5", 

\a\=d 

can be interpreted as a constant coefficient operator on the tangent fiber TxX. As such it is 
well-defined and independent of coordinate choices. 

The root of the Heisenberg calculus is a simple but important idea, proposed by Gerald Folland 
and Elias Stein in |18| , that it is useful for the analysis of certain hypoelliptic operators to equip 
the algebra of differential operators with an alternative filtration. The filtration on the algebra of 
differential operators proposed by Folland and Stein is generated by a filtration on the Lie algebra 
of vector fields, defined as follows: All vector fields in the direction of the contact hyperplane 
bundle H have order one, as usual, but any vector field that is not everywhere tangent to H is 



E'-HOMOLOGY AND INDEX THEORY ON CONTACT MANIFOLDS 23 

given order two. For example, a sublaplacian Ah has order two, as in the classical calculus. But 
in the Heisenberg calculus the Reeb vector field T is also a second order operator. 

What sort of object is the highest order part of a differential operator if we adopt this Heisen- 
berg filtration? Abstractly, for any filtered algebra, the notion of 'highest order part' refers to an 
element in the associated graded algebra. Observe that in the associated graded algebra smooth 
functions / commute with all vector fields W, because the commutator [W, f] - W.f is of order 
zero. This implies that elements in the graded algebra can be localized at points x € X . There- 
fore, just as in the classical case, the highest order part of a differential operator P will consist 
of a family of operators Px parametrized by x e X. But they are not exacty constant coefficient 
operators here. Instead, they are translation invariant operators for a certain nilpotent group 
structure on TxX. 

In all that follows, X denotes a closed contact manifold with a contact hyperplane bundle 
H c TX. We denote by A^ = TX/H the quotient line bundle, and assume that there exists a 
global contact form 9, so that we can identify N - X xM. Also, the Reeb vector field provides 
us with a section A^ c TX, so that we can identify T^X - H^ x M, and that dO restricted to H^ 
is a symplectic form. The tangent space Gx - H^ x M is then a Heisenberg group with group 
operation 

{v,t)-{v',t') = {v + v',t + t' --de{v,v')), v,v' €Hx, t,t' €R. 

Algebraically, the smooth groupoid ThX is the disjoint union of Heisenberg groups 
ThX = U Gx- 

xeX 

The highest order part {Px,x e X} of a differential operator P in the Heisenberg calculus can be 
interpreted as a smooth family of translation invariant operators Px on the Heisenberg groups 
Gx - Hx X K = TxX, or, equivalently, a right invariant differential operator on the Lie groupoid 
ThX. 

For example, for the second order operators P^ = Ah + i'fT, freezing coefficients at a point 
X € X results in 

2n 

i=i 

This formal polynomial in the tangent vectors Wj(x), T{x) e TxX should be interpreted as an 
element in the universal enveloping algebra ti{Qx) of the Heisenberg Lie algebra Qx - Hx ® M, or, 
equivalently, as an invariant differential operator on the group Gx- In other words, the vector 
Wj{x) should not be identified with a vector field on TxX that is translation invariant for the 
usual vector space structure on TxX, but rather with a vector field on TxX that is translation 
invariant for the Heisenberg group structure on TxX. 

3.2. Heisenberg pseudodifferential calculus. When we restrict attention to differential op- 
erators the Heisenberg calculus is fairly straightforward. Constructing the corresponding Z- 



filtered algebra of Heisenberg pseudodifferential operators requires more work (see 10 17,23]). 
In this section we sketch one possible approach. 

Just like the classical pseudodifferential calculus, the Heisenberg algebra consists of pseudolo- 
cal continuous linear operators 

P: C7°°(a)^c°°(a:). 



24 PAUL F. BAUM AND ERIK VAN ERP 

In other words, they are operators with a Schwartz kernel k(x,y) that is a smooth function off 
the diagonal in XxX. The Heisenberg calculus (as well as its filtration) is defined by asymptotic 
expansions of the singularity of k in the direction transversal to the diagonal. 

Choose a connection V on TX that preserves the distribution H (this is an important technical 
condition). Consider the exponential map exp^ associated to this connection V, 

h ■■ ThX -^ X >i X ■■ {x,v) i-* (expj(r;),x). 

The map /i is a local diffeomorphism of a neighborhood of the zero section of ThX with a 
neighborhood of the diagonal in X x X. We pull back the distribution k to the groupoid ThX 
by the map /i, and then chop it by a cut-off function. Let (p be an arbitrary smooth function 
on ThX that is compactly supported and equals 1 in a neighborhood of the zero section. At a 
point X e X let kx be the distribution on the Heisenberg group Gx - T^X defined by 

kxiv) ^ (j){x,v)-k(h{x,-v)), v€TxX. 

The smooth family of distributions {kx,x e X} defines a compactly supported distribution on 
ThX. The action of the operator P with kernel k is approximated (in a neighborhood of the 
point X e X) by convolution with the compactly supported distribution kx on the Heisenberg 
group Gx, in a sense that can be made precise. This was the basic idea introduced by Folland 
and Stein in 118] . 

Because the kernel k is smooth off the diagonal, each distribution kx is regular, i.e., it is a 
smooth function when restricted to Gx ^ {0}. We say that P is a pseudodifferential operator of 
order d if each distribution kx has an asymptotic expansion near e Gx, 

The asymptotic expansion should be interpreted in the usual way: the remainder k - Y,j=ok-' 
becomes more regular as A^ increases, and the entire expansion determines kx modulo compactly 
supported smooth functions G"^ {ThX). The defining feature of the Heisenberg calculus is that 
the terms kx in this expansion must be homogeneous with respect to the 'parabolic' dilation 
structure of the Heisenberg group Gx - TxX - Hx x M, 

5s- HxxR-^ Hx>iM.- iv,t)^ {sv,s^t), s>0. 

Formally, the term ki in the expansion must satisfy 

ki{Ssv)^s^-^'-^'^ki{v). 

This notion of homogeneity based on the dilations 6s corresponds precisely to the Heisenberg 
filtration that assigns order one to vector fields tangent to H and order two to vector fields 
transveral to H. But we now obtain a filtered algebra of pseudodifferential operators that differs 
from the classical pseudodifferential algebra. 

The existence of an asymptotic expansion is independent of the choice of exponential map 
exp^ and cut-off function 0, as long as the exponential map satisfies the technical condition that 
it preserves sections in H. We denote the operator of convolution with the distribution kx by 
Px, and we write 

aH{P)-{Px,x€X}. 

We regard aniP) as an element in the convolution algebra £'{ThX) of compactly supported 
distributions on the groupoid ThX, and we can think of it as the 'full symbol' of P. While the 
value of (Th{P) depends on the choice of exponential exp^ and cut-off (j), the highest order part 
aff{P) - {kx,x e X} in the asymptotic expansion of (Th{P) is invariantly defined as a smooth 
family of convolution operators on ThX., independent of exp^,(^. 
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The collection of all Heisenberg pseudodifferential operators on X is a Z-filtered algebra: if 
P, Q are Heisenberg pseudodifferential operators of order a, h respectively, then PQ is a Heisen- 
berg pseudodifferential operator of order a + b. Moreover, the leading term in the asymptotic 
expansion of aniPQ) is obtained by convolution of the leading terms in the expansions of aniP) 
and aniQ), i.e., 

a'}i\PQ)^a'k{P)*aUQ)- 

As usual, if the leading term afj{P) of an order d symbol aH{P) is invertible (in the convolution 
algebra), then we can derive an asymptotic expansion for an inverse of the full symbol a^iP) 
modulo C'^{ThX). This implies that P itself is invertible in the Heisenberg algebra modulo 
smoothing operators, and hence a hypoelliptic Fredholm operator on X. It is precisely for such 
operators that we prove our index formula. 

3.3. The Heisenberg symbol in ET-theory. In [24[ Definition 15] we constructed a K- 
theoretic symbol in Kq{C* {T}jX)) for a hypoelliptic differential operator P in the Heisenberg 
calculus. As we have seen, the principal symbol ajj{P) is then a family of differential operators 
Px on Gx, where each Px is obtained from P by a simple procedure of 'freezing coefficients' at 
X € X. The result is independent of a choice of exponential map TfjX -* X xX or cut-off function 



(/). In fact, the construction given in 24 makes no reference to the Heisenberg pseudodifferential 
calculus at all. In I25j we gave an alternative definition that works for order zero operators in 
the Heisenberg calculus. 

Perhaps the easiest way to define the i^-theory element 

[aHiP)]^KoiC*iTHX)) 



is to follow the general ideas set out by Connes in Il6l II. 9. a]. The resulting construction works 
for arbitrary hypoelliptic operators in the Heisenberg algebra. 

Compactly supported smooth functions C^{ThX) form a two-sided ideal in the convolution 
algebra £' (ThX) of compactly supported distributions on the groupoid ThX. The asymptotic 
expansion for products of full symbols in the Heisenberg calculus implies that if the principal 
symbol of an operator P is invertible, then the full symbol aniP) has an inverse modulo the 
ideal C^ {ThX). By a very general argument explained by Connes, this implies that aniP) has 
an 'index' in the ET-theory group Kq{C*{ThX)). First, the full symbol aniP) determines an 
element in algebraic relative iC-theory, 

[aniP)] 6 Koi£'iTHX),C^iTHX)). 

By excision we have 

Koi£'iTHX),CriTHX)) - KoiC^iTHX)), 

and, finally, the inclusion of rings C^{ThX) c C*{ThX) maps the element [o"_f/(-P)] to the 
K-ih.eoTy group Kq{C* {ThX)) (which is the same in algebraic and C*-algebraic X-theory). To 
make this more explicit, if Q is a parametrix for P (an inverse modulo smoothing operators), 
then the formal difference of idempotents 

[aH{P)]-[e\e[eQ\^K^{C*{THX)) 

is given by 

^o' S^GHiQ) \ _ / 



Si{l + S{)aH{P) l-S't /'"'o-l 1 
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where So - \-aH{Q)<yH{P)-, Si - \-aH{P)(yH{Q)- (See 16, II. 9. a] for a detailed discussion of 
the general construction of a iC-theoretic index of an element in a ring that is invertible modulo 
an ideal.) 

3.4. The "Choose an operator" maps. In this section we prove the analog of the Poincare 
duality Theorem |2.7. 5|for analytic X-homology KK{C{X),C-). The proof of this theorem closely 
follows the steps of [24, section 3.7], generalizing everything from a statement in X-theory to a 
statement about the functor KK{C{X),-). We refer the reader to (24j for details of the proof 



in ii'-theory, and indicate here how the argument can be stengthened to prove Theorem 3.4.1 

The Poincare duality map 

Ope : K°{T*X) ^ KK^{C{X),C) 

is defined as follows. Given a e K {T*X), choose an elliptic zero order pseudodifferential 
operator P on X such that in K {T*X), 

[a{P)] = a. 

Then Opg(iT) is the element in KK^{C{X),C) determined by P. The non-trivial point here is 
that if two elliptic pseudodifferential operators P,Q have [(7(P)] = [^IQ)] in K^{T*X), then 
P,Q determine the same element in KK^{C{X),C) — i.e., a homotopy of symbols can be lifted 
to a homotopy of operators. (See [2], (6l section 23].) Instead of attempting a direct construction 
for the Heisenberg pseudodifferential calculus, we will, in the proof below, construct a map 

Op^ : KoiC*iTHX)) ^ KK{CiX),C), 

and then prove a posteriori that if P is an order zero operator in the Heisenberg calculus with 
principal symbol aniP), then 

OVh{Wh{P)])-[P]. 

This justifies referring to the map Opj;^ as the "choose a hypoelliptic operator" map for the 
Heisenberg calculus. 

Theorem 3.4.1. There exists a map 

Ovh ■■ Ko{C*{ThX)) ^ KK\C{X)X). 

such that {%) if P is an order zero operator in the Heisenberg algebra with invertible principal 
symbol aniP) then Opj^((T//(P)) = [P] in KK^{C{X),C), and (ii) the following diagram 
commutes, 

K^{T*X) ^^^ Kq{C*{ThX)) 

Ope 

KK^{C{X), 

Proof. The proof is a strengthening of the groupoid arguments developed in 1,24]. The main 
difference is that we need to replace X-theory KK{C,-) by the functor KK{C{X),-). What 
makes this possible is that all C*-algebras that play a role in our argument are of Type I, and 
hence nuclear. Therefore all ideals are semi-split (by flSj), and since C{X) is separable {X is 
a compact manifold) the KK{C{X)^-) functor has 6-term exact sequences 114 Thm. 19.5.7]. 
As a result, the quotients by various contractible ideals that play a role in the tangent groupoid 
argument induce isomorphisms not only in Kq{-) = KK(C,-), but also in KK(C{X),-). 
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We briefly review the argument and indicate how it can be strengthened. For a differential 



Heisenberg operator P with invertible principal symbol we constructed in 24, section 3.6] an 
element in the iC-theory of the parabolic tangent groupoid, 

[¥]^K^{C*{ThX)). 

The 'parabolic tangent groupoid' ThX is algebraically the disjoint union of ThX and the family 
of pair groupoids X x X x (0,1], similar to Connes' tangent groupoid. The 'blow-up' of the 
diagonal in X x X is defined using the parabolic dilations 5s in the Heisenberg groups Gx 



24 , section 3] . The class [P] combines the principal Heisenberg symbol of P with P itself into 
a single i^-theory element for the tangent groupoid. 

We must modify this construction and apply it to order zero operators. This is actually a 
considerable simplification, especially if we construct [P] in KK-iheoiy. Let S = C*iT}jX) ® 
C*{TuX) be the obvious Z2-graded Hilbert module over C*{ThX). The adjointable operator 

P e C{£) = M{C*{ThX)) ® Af2(C) 

restricts to the principal symbol 

for the fiber at s = and x e X, and to 

( P ^ ) e'C(L2(M)®L2(M))^M(C7*(XxX))(8)M2(C) 

for all other values s > 0. The principal symbol is, by definition, the highest order part in an 
asymptotic expansion of the operator kernel of P, and these asymptotics agree precisely with 
the parabolic 'blow-up' of the diagonal in X x X that defines ThX. 

What we did not point out in [24] is that (£^,P) actually defines an element in 

[¥]^KK{C{X),C*{ThX)). 

There is an obvious diagonal representation 

cj) : C(X) ^ C{£) = M{C*{ThX)) ® M2(C). 

At s = it restricts to the identification of C(X) with the center of M(C*(Tf/X)), while at 
s > we have the representation of continuous functions on X as multiplication operators in 
M{C*{X X X)) ^ >C(L^(X)). One easily verifies compactness of commutators [P, 0(/)] e K.{£) 
for continuous functions / e C(X). 

Just as in |24| , the restriction map at s = has a contractible ideal and therefore induces an 
isomorphism 

eo : KK{C{X), C*{ThX)) ^ KK{C{X), C*{ThX)). 

Observe that, by construction of the Fredholm module [P], we have eo([P]) = WniP)]- 
Restriction to the fiber at s = 1 induces a map 

ei : KK{C{X), C*{ThX)) ^ KK{C{X), C*{X x X)) ^ KK{C{X),C)- 
Again, by construction, ei([P]) = [P]. It follows that the combined map 

ei o eo^ : KK{C{X),C*{ThX)) ^ KK{C{X),C), 
is the "choose a hypoelliptic operator" map, 

ei°eo\[aH{P)])-[P]. 
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The exact same argument, using the tangent groupoid TX - TX uXxXx(0,l]of Connes, 
works for eUiptic order zero operators. 

Having proven that the "choose an operator" map is induced by the appropriate tangent 
groupoid, we can now show that these two maps commute with the isomorphism ^. The 
argument from |24| section 3.8] involving the adiabatic groupoid of the parabolic tangent groupoid 
TffX (a deformation of a deformation) applies, without essential change, to show that the 
diagram 

KK{C{X),Co{T*X)) -^ KK{C{X),C*{ThX)) 




KK{{C{X). 

commutes. 

H%A denotes the standard countably generated free Hilbert ^-module, then any *-homomorphism 
(l)'-C{X) -^ Z{M{A)) induces, in the obvious way, a map 4):C{X) -> Z{C{'Ha))- Thus, for a 
C(X)-C*-algebra A there is a natural homomorphism 

ax ■■ KK{C,A) -> KK{C{X),A). 

The map ax is a natural transformation from the KK(C,-) functor to the KK(C{X),-) 
functor on the category of C(X)-C*-algebras. In fact, it is a natural transformation for the 
KK^-c&tegoiy. 

Therefore, since the isomorphism ^ is implemented by a i^i^ -element 

^ e KK^{Co{T*X),C*{ThX)) 

we have a commutative diagram 

KK{C,CoiT*X)) — ^KK{C,C*{ThX)) 



ax 



ax 



KK{C{X),Co{T*X)) ^^ KK{C{X),C*{ThX)) 
Composing this with our result above yields the proposition. 

n 

3.5. The hypoelliptic index theorem in i^-homology. The Atiyah-Singer theorem for el- 
liptic operators amounts to commutativity of the triangle l6l Thm. 23.1], 

K°{T*X) 

Opc 



Ko{X) ^ ^KKo{C{X),C). 

We obtain an analogous theorem for the Heisenberg calculus. 

Theorem 3.5.1. Let {X,H) be a closed contact manifold. Then there is commutativity in the 
diagram 

Ko{C*{ThX)) 
Ko{X) ^ KKo{C{X),i 
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Proof. The theorem is imphed by commutativity of the three smaher triangles in the diagram, 

KoiC-iTHX)) 



K'{X) 




KK^CiX), 



D 



Modulo an explicit computation of the Poincare dual h{aH{P)) of the Heisenberg symbol of a 



hypoelliptic operator, Theorem 3.5.1 solves the general index problem for hypoelliptic operators 



in the Heisenberg calculus. We will now apply Theorem 3.5.1 to find explicit (M, E, ip) cycles for 
certain examples of hypoelliptic second order differential operators (in the Heisenberg calculus) 
onX. 



4. Computation of the i^-CYCLE b{(jH{P)) 

to compute the geometric i^-cycle h{aH{P^)) for the second 



3.5.1 



We now apply Theorem 
order differential operators 

P^^^H + ilT. 

Also, we answer a question posed by R. Ponge, and indicate how Louis Boutet de Monvel's 



formula for the index of Toeplitz operators is a corollary of Theorem 3.5.1 Finally we consider 
the case of odd-dimensional spheres. 

4.1. Perturbing the symbol. We wish to compute the image of the i^-theory element asso- 
ciated to the Heisenberg symbol ajjiP^y) of P^ under the Poincare duality map of Definition 

b: KoiC*iTHX))^Ko{X) 

The first step is to lift [c^h{P)] to a class in Kq{Ih)- The precise details of this lift turn 
out to be irrelevant. Recall that the operator P determines the distribution aniP) only up 
to a perturbation by C^{ThX). And one can always choose a perturbation of aniP) by a 
C^{ThX) function that defines an element in Kq(Ih)- 

The full symbol aniP) - {Px,x e X} is an element in the convolution algebra £'{ThX) 
of compactly supported distributions on ThX. If P is hypoelliptic, then aniP) is invertible 
modulo C^{ThX). Consider the algebra homomorphism 

t:q:£'{ThX)-^C'^{H*), 

defined as the composition of Fourier transform in the transversal M-variable of ThX - H xM 
and restriction to s = in M*. If P is an order zero operator then the function TTo{crH(P)) 
extends to a smooth function on the radial compactification 

DH* ^H*uSH*. 

The restriction of vro(cr//(P)) to the sphere bundle SH* is the equatorial symbol of Epstein and 
Melrose |17| . The equatorial symbol is invertible if P is hypoelliptic. In fact, if P is hypoelliptic 
then the function vro(cr//(P)) is invertible modulo C^{H*). 
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Now consider the exact sequence in i^-theory 

K^{T*X \ H*) ^ K^{T*X) ^ K^{H*). 

The first map is surjective, and so the second map is trivial. Therefore the same is true for the 
isomorphic sequence 

K^{Ih) - K^{C*{ThX)) ^ Ko{Co{H*)). 

We see that 7ro((T//(P)) defines a trivial element in Kq{C*{H)). It follows that vro((7//(P)) 
can be perturbed by a function in C^{H*) (possibly a matrix valued function) to obtain an 
invertible function on all of DH*. And so the distribution aniP) can be perturbed by a 
function in C^{ThX) to obtain a new element in £'{ThX) for which vro((T//(P)) is invertible. 
The resulting perturbation defines an element in Kq{Ih)- 



4.2. Suspension in i^-theory. The first step in Definition 2.7.1 is the isomorphism 

Kq{Ih) = K^{X X M'^) ^ K^{X) ® K^{X), 

which is a composition of Morita equivalence and suspension. We may reverse the order of the 
Morita equivalence and the suspension isomorphisms, and proceed via 

Kq{Ih) = Ki{lC{V^^)) ® Ki{}C{Vf^)) = K\X) ® K\X). 

We will need an explicit formula for the suspension isomorphism. Since we could not find a 
reference for the following simple iiT-theory lemma, we provide a proof here. 

Lemma 4.2.1. Let B he a separable C* -algebra. Let u e MniB)"^ be a unitary matrix that 
represents a class [u] e Ki(B), and let 6 denote the suspension isomorphism, 

6: Ki{B)^Ko{Co{0,l)^B). 

If F(t), t e [0, 1] is the norm continuous family that linearly interpolates between F(0) - 1 and 
F{l)^u, 

F{t)^l-t + tu€Mn{By, 
then F e Co([0, l],M„(i?))^ is invertible modulo Co((0, 1), Af„(i?)), and defines a relative class 

[F]eKo(Co(0,l)®B). 
Then [F]^e{[u]). 

Proof. We will prove this by making use of the flexibility of KK-theoiy. For ease of notation, 
let us write A = Co((0,l),5). Since Mn{By c Mn{M{A)) = /:(A"), we can think of F 
as an adjointable operator on the Hilbert A- module A^ . The fact that Fq - 1, Fi - u and 
Ft - 1 modulo Mn{B) for all t e [0, 1] implies that F is invertible modulo compact operators 
/C(A") = Co((0, l),M„(i?)). In other words, the relative ET-theory class defined by F can also 
be represented as a Kasparov module 

[F:A''-^A'']€KK(C,A). 

We will prove that this Fredholm module corresponds to ^([^i]) under the standard identification 
KK{C,A)^Ko{A). 

Choose a continous family of unitaries z(t) e M2n{B^),t e [0, 1] such that 

1„ \ ( u 



"°^l 1„ '"^M n-i 
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Let 



^1 In \ 

-[ oj 



and let e denote the continuous family of projections 

et ^ ZtPnZt^- 

Observe that cq - ei - pn- Then the proof of [Blackadar, Theorem 8.2.2] implies that 

^(M) = [e]-b„]eKo(Co((0,l),i?)). 
Consider the family of partial isometrics 

G{t) = z{t)pn. 
Observe that G(0) = p„, G(l) = u and that G(l) = p„ modulo /C(^^"), while 

l-G*G^l-Pn, 1-GG* ^1-e. 

Let (/):C ->• C{B ") denote the homomorphism with 0(1) = Pn- With this choice of a nonunital 
map (p the operator G satisfies the Fredholm property, and we obtain a Kasparov module 

Moreover, the module [G:j4 " -> A ",0] is homotopic to [F:^" ->■ A^ ,pn4>Pn\, wheve pn(l)Pn ■ C -*• 
/^(j4") is just the standard unital map. But unlike F the operator G has closed range, and we 
can take its index 

IndexG = [1 - G * G] - [1 - GG*] = [e] - [p„] = 0([u]). 

It follows that [G] corresponds to 0([?i]), and therefore so does [F]. D 

4.3. Second order scalar operators. We have computed the Fredholm index of the hypoel- 
liptic operators P^ - Ah + ijT in l25J (see the example following |25[ Prop. 7]). We can now 
identify the full -ff-cycle. Our iT-cycle for P^ contains new information that cannot be inferred 
from the formula in [25]. 

Proposition 4.3.1. Let P^ = P.,{1 + P*P^)-'^/'^ . Then 

K^HiP,)) - [vr-(a^(P^))] n [X-] + [ManiP,))] n [X% 

Here 7r+ denotes the Bargmann-Fok representation of the groupoid T^X on the Hilbert module 
V^ , while 7r_ denotes the dual representation on V . 

Proof. Observe that the equatorial symbol of the order zero operator Py is identically equal to 1. 
Therefore there exists a C^{ThX) perturbation of cniP-y) such that the function TroicrniP^y)) 
becomes identically 1 on all of DH* . 
Let B = 1C{V_^^) e JC{Vf^). Then 

Ih = Go{{0,oc),B). 

Let u be the invertible element 

u = TT^ianiP^)) ® TT+{aH{P^)) e B+ . 

The difference between aH^P^) and 1 - 1 + tu is an element in Go((0, 1),B), so that an^P-y) and 
1 -t + tu represent the same element in Kq{Ih). Lemma 4.2.1| now implies that the iC-theory 
element 

M 6 Ki{B) = Ki(/C(F^^)) ® Ki{K:{V^^)) = K^{X) e K^{X) 
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corresponds under the suspension isomorphism to 

[aniP^)] ^ Ko{Co{{0,oc),B)) ^ Ko{Ih). 

D 



In proposition 4.3.1|we have de-emphasized the Morita equivalence that is part of the definition 



of the map b. We specified elements 

[^,(aH(P,))]eKi(/C(^f^)), 
but we have not yet indicated what to do about the Morita equivalences 

But this is straightforward. Let V^ -> X denote the complex vector bundles on X defined by 

N N 

^ -tT^ Q^.vni ffl.O T/A^ - n\ a,rry,J ffO'l 



V+ = Sym-' H^'^, Vl^ = Sym^ H 



and let 



qN rrBF ^rN 



be the orthogonal projection in the fibers. Let us denote by vr^ the Bargmann-Fok representa- 
tions compressed by the projections S"^, 

For sufficiently large value of the integer A^ we have 

[vr±(^//(P^))] = {S''i^^{an{P^))S'' + (1 - 5^)] e A'i(/C(?^f ^)), 

where the correct value of A^ depends on 7r±((T/f(P^)). Observe that with this choice of A^, the 
elements vr^ ((7(P^)) define automorphisms of the vector bundles V^ , so that 

The compression map 

K^{J<iiJil^)) - K\X) : [vr,(aH(P,))] - [^f ,vrf (a^(P,))] 

implements the Morita equivalence (where A^ depends on Py, as mentioned). So we have, in 
fact, 

Ka^(P,)) = [vr_^(aH(P,))] n [X"] + [^f (a^(P,))] n \X% 



We can now prove Theorem |1.3.1| stated in the introduction, which explicitly identifies an 
{M,E,(p) cycle that represents 6((T//(Py)). 



Proof of Theorem 1.3.1. Because of Darboux's theorem the contact manifold can locally be iden- 



tified with an open subset of the Heisenberg group M ""'' . Let Xj ,Yj,T be the standard right 
invariant vector fields on the Heisenberg group with [Xj, Yj] = T. In such local coordinates, the 
operator P^ can be then written as 

n 

p^ = ^-(x| + y/) + i7r + ..., 

where we ignore first order terms in Xj,Yj. These lower order terms may appear because the 
sublaplacian A// = Y, ~{Xj + Y^) + . . . is unique only up to lower order terms. 
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We have JXj - Yj, and so Zj - (Xj - iYj)/\/2. A simple computation shows that IZjZj 



X^ + Y^ + i[Xj,Yj], and so 






We can therefore write 

The Bargmann-Fok representation on {T-L^ )x of the symbol aniP) - {Px,x e X} is 

d 

The symmetric powers of H^'^ are eigenspaces of tt+{Px)- To see this, observe that 

7r+(P,)z" = (2|a| + n-7(x))z", 

where z°' - z"^ . . . z"" and |a| - ai + ■■■ + an- Therefore on Syui^H^'^ the operator tt+{Px) acts 
as the scalar 

aj{x) - 2j + n- 7(x). 

In the dual Bargmann-Fok representation the roles of Z, Z are reversed. So from 

we get 

The representation of (Th{P) on the conjugate Bargmann-Fok spaces {'H_ )x is then given by 

Q 
7r-{Px) = E 2^j^^ + ^ + lix). 

OZj 

and we find that 7r-{Px) acts on Sym)H^'^ as the scalar 

bj - 2j + n + 7(x). 
Replacing P with 

P ^ P{1 + P* P)-^/'^ 

we obtain an order zero operator whose principal symbols act on the symmetric powers of H^'^ 
by the scalar ajjyjl + |ajp, and similarly for H ' . For large values of j these renormalized 
scalars are close to 1, and so they contribute only trivial summands to the X-cycle and can be 
ignored. We derive 

h{<yH{P)) = E(Sym^'^^'°, a,) n [X+] + ^(Sym^i^O'S b,) n [X']. 
j j 

We can use the non- normalized scalars, because as vector bundle automorphisms they are ho- 
motopic to their normalized versions. 

D 
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Corollary 4.3.2. The Chern character of the K-cycle [P^] is the Poincare dual of the coho- 
mology class 

N 

P.D. ch ([P^]) = Y. ch(2j + n - 7) u ch(SymJ H^^^) u e^^^^ ' ^/^ u A{X) 

N 

+ (-1)"^^ E ch(2j + n + 7) u ch(SymJ i/^'^) u e^^^^'"''^!'^ u i(X). 
i=o 

Here the odd Chern character ch(/) e i7 (X, Z) = \^X,S ] refers to the 1-cocycle associated to a 
continuous map /:X -> C* ~ S" . 

Example 4.3.3. In [261 we derived an explicit geometric formula for the Fredholm index of Py 
in the simplest possible case where X is a three-dimensional manifold. Let us describe the 



corresponding /f-cycle in this case, and compare it with the index formula in 26 



On a three-manifold X we have A{X) - 1, while the bundle H ' is a line bundle. Then 
SymJiJi'° = {H^'°)^K Writing ci = ci(P'i'°) we have 

ch(SymJ/?i'°)e^i/2 ^ (1 + jci)(l + -ci) = 1 + ?^^ci. 



Denote by 



1 d7 



eH\X,Z) 



. 27ri 7 - A; . 
the 1-cocycle that encodes the winding of the coefficient 7 around the odd integer k, 

7 : X ->■ C \ {odd integers}. 
We find 

P.D.ch(P^)= Y. Wk + E ^W^fcU^ eH\X,Z)eH^{X,Z). 

fcodd fcodd 

Here all cocycles are integer cocycles. The Poincare dual of the 3-cocycle Y,kWk u ci/2 is a 
0-cycle whose image under the map Hq{X,'L) -> i/o(pt,Z) = Z is just the Predholm index of Py. 
This term in our ET-cycle contains exactly the same information as the index formula of [26| . 
The Poincare dual of the term Y. ^fc is a 2-cycle. If we twist P^ by a complex vector bundle 
F -^ X, then this 2-cycle will pair with ci(P), and the curvature of F will contribute to the 
index of P O P-y. The information contained in the term X! Wfc cannot be derived or guessed 
from the formulas of [25"'26] . The following formula highlights the difference between the result 
of the present paper and the earlier formula, 



Index(P(8)Py) =rank(P) •IndexP^+ ^ / ch(7 - A;) a ci(P). 



fcodd 



4.4. Toeplitz operators. The index formula for Toeplitz operators of Louis Boutet de Monvel 



12 is a corollary of Theorem 3.5.1 i.e., of commutativity of the triangle 



Ko{C*{ThX)) 



KoiX) 



A» 



-^KKoiCiX),i 
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Boutet de Monvel's formula uses the Szego projector. If the contact manifold X is the bound- 
ary of a strictly pseudoconvex complex domain, then the Szego projector S is defined as the 
projection of L (X) onto the Hardy space H {X). Let / be a smooth map 

/:X^GL(r,C). 

In an evident fashion, the function / defines a multiplication operator Mf on L (X)®*". The 
Toeplitz operator Ty is the compression of Mf to H (X)®'", i.e., 

Tf = SrMfSr, 

where Sr - 5'®''. The Toeplitz operator Tf is a Fredholm operator, and Boutet de Monvel's 
formula is 

IndexT/ = (ch(/) u Td(X), [X]), 

where Td(X) is the Todd class of the Spin'^ manifold X* , and [/] is viewed as an element in 
K\X). 

As shown in [l^, the operator 

Tf-Tf + 1-Sr 

is an order zero operator in the Heisenberg calculus. It is immediate that Tf is a Fredholm 
operator on L (X)®^ with Index Tj = Index Tj. To prove Boutet de Monvel's formula as a 



corollary of Theorem [3.5.1 we use the calculation in 1171 of the symbol in the Heisenberg calculus 



of Tf. The description in 17 is tantamount to the following. Within the Bargmann-Fok space 
Ti^ there is the vacuum summand C = Sym C". Hence, the Hilbert module V^ contains 
the trivial line bundle C = Sym H ' . The Bargmann-Fok representations 7r± of the Heisenberg 
symbol of Tf are 

7r+{aH{ff)) = / acting on C'', 

'^+{'^H{Tf)) = 1 on the orthogonal complement of C^, 

T:^{aH{ff))^l 

Just as in the case of the operators P^, the equatorial symbol of Tj is 1, and so there exists a 
perturbation by C^{ThX) so that vro(cr/f(Tj)) = 1 as a function on H* . This implies 

K^Hiff)) = [TT^aHiff))] n [X+] + [TT^aHiff))] n [X'] 

Equivalently, the X-cycle which solves the index problem for Tf is {X^ x S^,Ef, cp) where Ef is 
the vector bundle on X x 5^ obtained from a clutching construction — using trivial vector bundles 
of fiber dimension r — with /, and ip:X x S^ ^ X is the projection. In particular, the formula of 
Boutet de Monvel is now a corollary. 

4.5. The general case: vector bundles. Let us briefly consider what happens if P is a 
hypoelliptic operator that acts on sections in a complex vector bundle, 

P: C°°{X,F^)^C°°{X,F^). 

The case of a scalar operator twisted by a (single) vector bundle F is already contained in our 
earlier description. But not every operator arises in this way and it is useful to briefly repeat 
the steps of our procedure for constructing the (M, E, ip) cycle in the general case. 
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The Heisenberg symbol of an operator P acting in bundles F , F is a smooth family {Px,x e 
X} of translation invariant operators 

P . /-lao I r-i 77i0\ ^ /^oa ( f~i 7-il\ 

If P is hypoelliptic then the scalar representations of Px assemble to a function 

7ro(P.):i:f:-Hom(F°,Fi) 
and we get a globally defined partial classical symbol 

7ro(P) 6 C°°(//*,Hom(7r*F°,7r*F^)), 

where 'k* F^ is the pull-back of F^ from X to H* . This classical part of the Heisenberg symbol is 
'elliptic' in the sense that it is invertible outside a compact set in H* . Moreover, as we have seen 
above, as a class in K (H*) the partial symbol tto{P) is trivial. So we can choose a compactly 
supported perturbation of tto{P) so that 

7fo(P) 6 C'^iH*,lso{TT*F^,TT*F^)). 

(We may have to stabilize F^, F^.) Such a choice is always possible, but in the general case it is 
not canonical, and the resulting (M, E, cp) cycle will depend on the choice made here. Extending 
this perturbation to the full Heisenberg symbol is precisely what is involved in choosing a lift 
from KoiC*{THX)) to Ko{Ih)- 

Now restrict the perturbed Tto{P) to the zero section in H* , and interpret the resulting section 
as an isomorphism of vector bundles 

TTo : F° -> F\ 

Composing P with ttq we obtain a new operator 

ttq^oP: C°° {X, F°) ^ C°° (X, F°) 

that has, of course, the same i('-homology class as P. But now the equatorial symbol of ttq o P 
(i.e., its value at the spherical boundary S*H of H*) is homotopic to the constant map from S*H 
to the identity operator on F^. Therefore the Bargmann-Fok representations 7r+ on V^ (8) F^ 
and TT- on T^ (8) F of the operator ttq o P determine well-defined elements in K {X), and we 
can write as before 

fi-\P) = b{aH{P)) = vr+(aH(7ro^ o P)) n [X+] + Tr^aniT^o^ ° P)) n [X']. 

An (M, E, (f) cycle is constructed from this formula in the standard way. 

Remark 4.5.1. The non-canonical part of this formula is the choice of the isomorphism ttq: F ^ 
F . This isomorphism is chosen such that its pull-back to S*H is homotopic to the equatorial 
symbol of P. In the examples of the operators P-y = A// + i^T or the Toeplitz operators an 
obvious choice ttq = 1 exists, but in general the choice of ttq is not canonical. 

Example 4.5.2. With X as above, let r be a positive integer and let 7 be a C°° map from X to 
the C vector space of all r x r matrices, denoted M(r, C), 

7: X-^M(r,C) 

Then — entirely analogous to the case r - 1 — a differential operator P^ is given by : 

Py = Ah »Ir + iT»j 

Pj-. C°°(X,C")^C°°(X,CO 
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where (as usual) I^ is the r y. r identity matrix. P^ is elhptic in the Heisenberg calculus if and 
only if for all x ^ X: 

^{x) - XIr is invertible for all A e {. . . , -n - 4, -n - 2, -n,n,n + 2,n + 4, . . . } 

As above, P^ determines an element [P^] in KK^(C{X),C). The -fC-cycle which solves the 
index problem for [P-y] is {X^ x S ,E^,ip) u(X^ x S ,E^, ip) where X^ x S uX^ x S and ip are 
as above, and 

N . . 

Here i^2i+i (^'^sp- ^2f2+i')) ^^ ^^^ '^ vector bundle of fiber dimension A; on X x 5^ obtained by 
doing a clutching construction using 7 - (2j + 1)/^ (resp. 7 + (2j + l)/fc). 

4.6. A hypoelliptic index problem posed by R. Ponge. We now consider an example of a 
non-scalar hypoelliptic operator whose index problem was posed by Raphael Ponge in [22] . The 
Dirac operator, the signature operator, or the (assembled) Dolbault complex are constructed 
from geometric data on the manifold. No arbitrary choice of coefficients — like the coefficient 7 
of the operator Py = A^ + i'yT — is involved in their construction. In [22] Ponge constructed a 
second order hypoelliptic differential operator P - Qi,- 7(5^7 that is canonically associated to a 
contact structure. Some extra structure on the manifold is involved, but it is a priori evident 
that the class of P in X-homology only depends on the contact structure. Ponge proved that the 
Connes-Moscovici local index formula represents the Chern character of P in cyclic cohomology, 
and posed the problem of expressing this Chern character in terms of characteristic classes of 
the contact structure. We are now able to answer his question, and the answer turns out to be 
disappointing. 

Let (X, H) be a closed contact manifold with contact form 6. As above, a complex structure 
J is chosen for H, compatible with dO. Assume that J defines a C.R. structure, i.e., the 
complex bundle H ' is closed under brackets of vector fields. Write KH* ® C - ©A^'*^ with 
p^P,q ^ AP(^H^,Oy ^ A«(P'°'i)*, p, g = 0, 1, . . . ,n, and let 

be the tangential Cauchy Riemann operator on the C.R. manifold X. The operator db + d^ is 
not hypoelliptic (its kernel on A*^'" is the range of the Szego projector), and neither is its second 
order analog 

Qb ^Bldb-dhdl. 

To construct a hypoelliptic operator Ponge makes use of a specific grading 7 on the bundle h.H*® 
C This grading exists if the M bundle H is equipped with an involution that anticommutes with 
J . This rather restrictive assumption amounts to the existence of a globally defined Lagrangian 
splitting, 

H ^E®F 

where dO vanishes when restricted to either of the M vector bundles E and P, while J is an 
isomorphism from E to F preserving the Euclidean structures. This reduces the structure group 
of TX to 0{n). With this extra structure a conjugate linear involution v ^ v^ can be defined 
for vectors v e H^ by setting v - v'^ \i v & E^ and v'^ - -v for v € F^. This involution preserves 
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the two summands in the decomposition H iS> C - H ' ® H ' , and defines conjugate hnear 
automorphisms of these bundles. In fact, we could identify H ' = H ' = i? C. 

Ponge now assumes that dimX = 3, i.e., n-1. The involution v >-^ v'^ is then used to define a 
(complex linear) Hodge star operation on AH ® C by {*o:Y ^ /3 = {a,(3)d6. Then * - (-1)^+9+ 
on A^'"^ and the Hodge star gives rise to a grading operator 7 on AH C with 7^ = 1, 7* = 7, 

The operator 

P^Qb- iQbl 

is hypoelliptic. P anticommutes with the grading 7, and so P is a Fredholm operator from 
sections in the bundle A^ of forms with 7 = +1 to the bundle A" of forms with 7 = -1, 

P: c°°(x,a+)^c°°(a:,a-). 

The problem posed by Ponge in [22] is to compute the Chern character of the iT-homology 
element [P]. We will solve this problem here, not by using the Connes-Moscovici local index 
formula as proposed by Ponge, but by applying our methods to show that the iC-cycle [P] is 
always zero. While this is a disappointing result it nevertheless proves the effectiveness of our 
approach, since no resolution of Ponge's question had been obtained before now. 



Proposition 4.6.1. The K-homology class [P] e KK^{C{X),i 
ator P - Qh- "iQbl is zero. 



determined by Ponge's oper- 



Proof. We first need to find the model operator P^ by freezing coefficients of P. Let G = M^ be 
the Heisenberg group with coordinates {x,y,t). The translation invariant differential forms on 
G are spanned by dx,dy,9, where 9 is the standard contact form 

6 - dt+ -{ydx - xdy). 

We trivialize the bundle A*'* = Gx C by choosing basis vectors 1 for A ' , dz - {dx + idy)/\/2 for 
A*^'^, dz - {dx - idy)/\/2 for A^'*^, and dz Adz - idx a dy for A^'^. The tangential C.R. operator 
on M^ is formally given by 

Bb ^ dz A Z : AP^'^ ^ AP''^+\ 

where Z - {X + iY)/\/2. Using the trivialization of A*'* and the equality Z* - -Z we find a 
matrix expression for Q^, 



Bb- 



With Ah = -X"^ - Y^ we have -ZZ = |(Ah - iP) and ZZ = ^(-A^ - iT). We see that Qb is 
not a Rockland operator. 

To get an explicit expression for the model operator P on G = M"^ we need to analyze the 
grading 7. The involution on A*'* preserves the standard basis (up to factors i"*), and is 
conjugate linear. A straightforward calculation shows that 



/ \ 




( -zz 
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Z 



Qb- 






zz 






-zz 






, Z y 




[ 








zz , 



7(1) - dz A dz, ^{dz) - -idz, "f{dz) - +idz, j(dz A dz) - 1 
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or in matrix form 





' 


1 \ 






7 = 




-i 


i 







, 1 


, 




The result is 






/ A^ 








P = 






-Ah 
A^ 








I 








-A 



H I 

If we choose an appropriate basis for A* 
the odd operator P takes the form 



consisting of ±1 eigenvectors for the grading 7, then 



-V' 



p- 





p+ . (p+)* . p- . 



Ah 






-Ah 



On a contact manifold of dimension three the operator on M that we computed here describes 
the model operator Px at each point x ^ X. The equatorial symbol of Px is constant along the 
spheres S* Hx for fixed x ^ X, and so the lift of the symbol aniP) to Kq{Ih) is canonical and 
unproblematic. In the matrix notation above 



MP) - 



1 







-1 



with the appropriate choice of basis for A* . We obtain an isomorphism of vector bundles ttq : A^ 
A" . If we compose P with ttq then the modified operator ttq o P has symbol 



T^O°Px 











This means that the Heisenberg symbol of the operator ttq o P is the symbol of a sublaplacian 
Ah on X twisted by the vector bundle A^. Therefore in ii'- homology [P] = [ttq o P] equals 
[Aj:/] twisted by the vector bundle A"*". Since the element in if -homology [A//] = it follows 
that [P] = 0. 

D 

Remark 4.6.2. Although somewhat disappointing, the topological triviality of the Ponge operator 
can be understood as an example of a general phenomenon. Canonical geometric operators, e.g., 
Dirac operator, signature operator, Dolbeault operator, Szego projector, are associated to a 
reduction of structure group of the tangent bundle TX of a manifold. Let G denote a compact 
Lie group acting on a real vector space V , such that TX = P^hV, where P is a principal G-bundle 
over X. As discussed by Atiyah and Singer |3, section 2], there is a natural homomorphism 

ap: Kl{V*)-^K^{T*X) 

which maps a 'universal' elliptic symbol class v e KQiV*) in the G-equivariant if -theory group 
of V* to an elliptic symbol class in K^{T* X) associated to the G-structure. All (symbols of) 
classical geometric operators arise in this way. 

This construction can be adapted to the Heisenberg calculus as follows. Let V - C" x M be the 
Heisenberg group, and G a compact Lie group that acts on V by group automorphisms. Then 
the bundle of osculating groups ThX associated to a contact structure on X is an associated 
bundle ThX = P xq V, where P is a principal G-bundle over X. For example, a choice of 
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complex structure J for the contact hyperplane bundle H c TX reduces the structure group to 
G - U{n). In Ponge's example it is further reduced to G = 0{n). 

A canonical geometric operator in the Heisenberg calculus (or rather its symbol) then arises 
as an element in the range of a natural homomorphism 

ap : K^{C\V)) - Ko{C\ThX)). 

But V is odd dimensional, and the group Kq {C* {V)) = KQiV*) is zero. Therefore the image 
in the even i^T-homology group 

Op^ : Ko{C*{ThX)) ^ KK\C{X),C) 

is automatically zero for any canonical geometric hypoelliptic operator in the Heisenberg calcu- 
lus. 

To get nonzero elements in the even i^-homology group a canonical geometric operator must 
be paired with a K element, and thus the resulting operator is not canonical since the choice 
of K element is arbitrary. Examples of this are the Toeplitz operators Tj and the operators P-y 
considered above. The construction of the Ponge operator P - Qb- jQbl is canonical (i.e., has 
no input from K^) and thus it is not surprising that it is zero in even i^- homology. 

4.7. Odd-dimensional spheres. 5 "^ , as usual, is the unit sphere of M "^ . In this section 
we show how the general theory developed above applies to give a very simple and clear index 
formula for a naturally arising class of hypoelliptic operators on S*^"^^. The standard contact 
form 9 for 5'2"'+i is 

71+1 

^ = X! ^2idX2i-l - X2i-ldX2i 
i=l 

where xi,X2,-- ■ ,X2n+2 are the standard coordinates on ]R^"+^. Let r be a positive integer, and 
let 7: S"^"^^ — > M{r, C) be a smooth map from ^^"^""^ to M(r, C) where M{r, C) is the C vector 
space of all r X r complex matrices. We require that for all p 6 ^^"^""^ 

lip) ~ ^^ is invertible for all A e {. . . , -n - 4, -n - 2, -n, n,n + 2,n + 4, . . .} 

Associated to 7 is a Fredholm operator P^ 

defined by 

P-y = Ah »Ir + «T (g) 7 
where, as above, A^ is the sub-Laplacian and T is the Reeb vector field, 
^ "+i a d 

T ^ 2^ X2i^ X2i-1^ 

tl OX2i-l OX2i 

Any continuous map /: S"^"^^ — > GL(r,C) determines an element in K^(S'^^^^). By Bott 
periodicity, K^ (S^"^^^) - Z. Therefore an integer /3(/) has been assigned to /, 

The formula for the index of P-y is 

IndexP^ = £( ""^i'^ ][;3(7-(n + 2j)/.) + (-ir^/3(7 + (n + 2i)/,)] 
7=0 \ -^ / 
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where A^ is sufficiently large, as above. This formula is obtained by applying example 4.5.2 



Observe that on an odd dimensional sphere any compl ex vec tor bundle is stably trivial. Thus 
H ' is stably trivial, so that in the -ftT-cycle of example 4.5.2 we may replace ip*Syia' H ' by a 



("1"7 



trivial vector bundle of the same rank, which is 
In particular, on S^ the formula is 

N 

IndexP^ = E /5(7 - (2i + l)Ir) + /5(7 + (2j + l)/r) = E /^Ct - kir) 

j=0 fcodd 
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